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A Additional Figures and Tables

Figure A1 plots the emissions share by sector over our sample period. The emissions share of power

has dropped by 28% since the beginning of EU-ETS, while the shares of basic metals and chemicals

have increased by factors of 1.8 and 2.4, respectively. Patterns are similar when using the full

EUTL sample of regulated installations.

Figure A2 graphs the intuition behind our estimation equations for the elasticities of substitu-

tion. The blue lines show the isoquants for two di”erent production functions, one with isoquants

that are approximately linear such that emissions and the composite are highly substitutable (ω→),

and one with isoquants that are nearly kinked such that emissions and the composite are highly

complementary (ω). The left panel plots the relative price of the two inputs as a downward sloping

dotted line. Where the production function isoquants are tangent to this line denotes the optimal

mix of emissions and composite inputs. For both isoquants and the initial relative price, this occurs

at the same input bundle (E0, X0) → (E→
0, X

→
0).

The right panel captures the e”ect of an increase in the emissions price, which steepens the

relative price curve with the new relative price shown as a solid line. A cost-minimizing firm will

reallocate inputs in response to this relative price change and the extent of reallocation will depend

on the elasticity of substitution. If inputs are highly substitutable, the firm will substantially

decrease emissions and increase the composite to (E→
1, X

→
1). If inputs are complementary, the extent

of reallocation will be much more muted and the input mix barely changes to (E1, X1). The

response of relative inputs to exogenous changes in relative prices thus identifies the elasticity of

substitution between the inputs.

Figure A3 investigates the robustness of inference for the outer nest production elasticity. Our

baseline approach clusters standard errors by firm and year. We compare five standard error

schemes. Three are two-stage cluster bootstrap schemes that each reestimate the inner nest ε̂n per

replicate and combine block bootstrap variances following Cameron et al. (2011): clustering by

firm, by firm and year (our maintained choice), and by firm and region-year. The remaining two

are wild cluster bootstrap schemes on the year dimension (MacKinnon et al., 2021)—a year-only

unrestricted wild bootstrap and a hybrid that adds the two-stage bootstrap firm variance to the

wild bootstrap year variance—which address the small number of year clusters directly. Confidence

intervals are not meaningfully di”erent across the approaches except for firm-only clustering, which

tends to produce smaller intervals.

Figure A4 plots our estimates of the inner nest elasticities from equation (18) which govern

the substitutability between capital, labor, and materials. We find that the inner nest is generally

more substitutable than the outer nest with meaningful variation across sectors. The materials-

labor IV estimates span -3.9 to 1.6. Elasticity estimates near or below 1 are consistent with

the prior literature documenting capital-labor complementarity (Oberfield and Raval, 2021). For

most sectors, the OLS and IV estimates are similar. We estimate noisy negative elasticities for

power and for mining and quarrying in the materials-labor specification, but neither is statistically

distinguishable from Cobb-Douglas, and negative values cannot enter the CES composite. For the
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simulations we impute both from the smallest positive sector estimate, which comes from cement.

Estimates using the capital-labor ratio are also larger than the outer nest estimates and tend to

cluster between 0 and 1. We test the robustness of our simulation results to instead using the

capital-labor estimates in Table A7 below.

Figure A5 plots the inner nest elasticity estimates under di”erent instruments and measures

of wages, estimating the materials-labor first-order condition in panel (a) and the capital-labor

condition in panel (b). The black circles are our main estimates reported in Figure A4. The blue

triangles instead only omit the own firm from the construction of the instrument rather than the

own sector, where the exclusion of data in the instrument is to avoid contamination by a firm’s

own idiosyncratic demand shocks. The gray squares do not omit any data from the instrument

construction. The green stars return to the main instrument, which excludes a firm’s own sector, but

instead treat the endogenous regressor as the observed firm wage rather than the computed regional

wage. Elasticity estimates are extremely robust to how we construct the instrument. Changing

from the regional wage to the firm wage makes the estimates much noisier for some sectors—

consistent with its weaker first stage, with a median Kleibergen-Paap F statistic across sectors of

about 14 versus about 27 for the regional wage GIV specifications—but most are extremely similar

to estimates from our main specification. The capital-labor condition behaves the same way: across

the three regional wage GIV specifications the sector estimates in panel (b) never di”er from our

main capital-labor estimates by more than about 0.05, and the two sectors whose materials-labor

estimates are negative, power and mining, have positive capital-labor point estimates.

Figure A6 displays sector-specific histograms of the distribution of ETS installation count across

firms. ETS installations are the directly regulated units under the policy. An installation may be

a single plant, but there can be multiple installations at the same site. The installation count

therefore serves as an upper bound on the number of distinct plants or locations a firm operates

and thus the scope for within-firm reallocation by shifting production across sites. The figure shows

that the installation distribution is skewed strongly to the right. The vast majority of firms operate

a single installation, and the largest sectoral average is only 2.8 installations per firm. There are a

handful of firms operating over 10 installations, primarily in power and in mining.

Figure A7 examines how the outer nest elasticity estimates respond to allowing for firm entry

and exit. Our baseline specification uses firm fixed e”ects, which identify the elasticity from within-

firm variation over time. We compare these estimates to an otherwise-identical random e”ects

specification that additionally exploits between-firm, cross-sectional variation. The gap between

the two proxies for the scope for changes in the composition of firms—through entry and exit—to

move the estimated elasticity. The two sets of estimates are broadly similar and remain economically

small across sectors, although a Hausman test rejects the consistency of the random e”ects estimator

in a handful of sectors, which we mark with an asterisk.

Figure A8 plots the sector-specific clean technology trends recovered from the estimated time

trends in the outer nest specification. Aggregate clean technology increased by approximately 46%

by 2021: the same emissions now yield 46% more output than in 2005. The aggregate improvement
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masks sectoral heterogeneity. The power sector had the largest gains, reflecting the historical shift

from coal to natural gas and renewable generation in the EU. Basic metals, chemicals, and mining

show declining measured emissions productivity. Part of the chemicals decline reflects the Phase III

(2013) expansion of EU-ETS coverage, which first brought chemicals’ process emissions within the

system. This raises measured emissions at the coverage boundary independent of any change in

production technology. Note that these recovered trends are descriptive, not causal.

Figure A9 plots the full IV local projection impulse response functions for clean technology. We

plot the main Driscoll-Kraay confidence intervals along with ones derived from standard errors from

a year wild bootstrap. Sectors generally show an increasing trend in clean technology following a

permit price shock, culminating in the five-year horizon estimates in Figure 4.

Figure A10 plots the pooled IV local projections for clean technology, both weighting firms

equally and weighting sectors by their baseline emissions shares.

Figure A11 plots the distribution of emissions cost shares across sectors. Wide right tails in

the highest-emitting sectors indicate substantial dispersion in carbon cost exposure, which is the

source of reallocation-based emissions reductions in the model.

Figure A12 plots the economy-wide MAC curves under di”erent reallocation restrictions. The

green solid line is the baseline MAC curve. The blue dashed line is the MAC curve if reallocation

across sectors is shut down, so there is only reallocation within sectors. The vertical red dotted

line is the MAC curve if all cross-firm reallocation is shut down and abatement occurs within

firms, which operate Leontief production technologies. Abatement thus only occurs through output

curtailment because no reallocation, even through within-firm input substitution, is possible. Recall

the MAC is the shadow cost of cutting emissions while holding the corresponding aggregate fixed.

For the economy-wide curves here, the fixed aggregate is household final demand, the cost is the

economy’s primary resource cost, and the curves trace the implementation under marginal cost

pricing (Appendix H.3). If all reallocation across firms is restricted, there is no reallocation and the

MAC is vertical. Adding across-firm but within-sector reallocation leads to a dramatic flattening of

the MAC. Additionally allowing for across-sector reallocation only has a modest additional e”ect

on the MAC slope. Most of the reallocation occurs across firms within a sector, consistent with

Figure 7.

Figure A13 plots our IV estimates of the outer nest composite-emissions elasticities under

di”erent time trends. The point estimates cluster near zero regardless of what degree polynomial

time trend we use, or whether we use natural splines with five degrees of freedom for additional

flexibility. The sector-level Kleibergen-Paap F statistics reported in the right margin of each panel

remain strong under the linear trend. The more flexible trends absorb substantially more of the

identifying time-series variation, and the weakest first stage falls to 4.2. For those specifications we

can rely on the Anderson-Rubin weak-IV confidence sets shown in Figure A15, which remain tight

around zero.

Figure A14 plots our IV estimates of the outer nest composite-emissions elasticities under

di”erent instrumental variables approaches. All three estimates instead treat the relative price of
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the composite to emissions as the endogenous variable of interest, rather than separating them

and using the composite price as a control. The black circles are estimates using the carbon price

surprise series as the instrument. The gray triangles are estimates that instead instrument using

the wage GIV we use to identify the inner elasticity. The blue squares are estimates that use both

instruments. The wage GIV estimates are generally noisy because the first stage is weak. The

median Kleibergen-Paap F statistic for this instrument is near 1. Although the GIV is relatively

strong for wages, it is not quite as strong for the computed price of the composite or emissions. The

composite is a non-linear function of wages as well as other prices, and emissions are only indirectly

a”ected by wages through equilibrium forces. The point estimates for the specifications using the

carbon price surprise series IV generate results close to zero similar to our main specification which

only instruments for the permit price.

Figure A15 plots IV estimates of the outer nest composite-emissions elasticities under di”erent

specifications, using Anderson-Rubin weak IV inference following recommendations in Andrews

et al. (2019). The black circle plots IV estimates from our main specification with linear time

trends, the dark gray triangle is quadratic time trends, the gray square is cubic time trends,

and the blue diamond keeps linear time trends but treats the relative price of the composite to

emissions as the endogenous regressor as in Figure A14. The legend reports each specification’s

median Kleibergen-Paap first-stage F statistic across sectors. The thick shaded bars are the weak

IV confidence sets. Across all specifications, the weak IV confidence sets are relatively tight.

Figure A16 shows the change in sectoral prices when doubling the emissions price, including the

associated change in clean technology computed using estimates from Figure 4. The blue part of

the bar shows the direct e”ect of the permit price and clean technology, while the amber bar shows

the additional e”ect from the shock being amplified by the input-output network. In all sectors,

input-output propagation of the shock accounts for a substantial share of the price increase.

Table A1 provides a summary of our data coverage by sector. In key polluting sectors like power

and cement we observe hundreds of regulated firms.

Table A2 presents estimates of our outer nest composite-emissions elasticity when weighting

observations by firm costs following Oberfield and Raval (2021). Larger firms in terms of costs

likely operate more installations (e.g., Figure A6), a”ording greater ability for within-firm, but

across-installation reallocation in response to permit price shocks. A cost-weighted regression will

put greater weight on these larger firms with more reallocation opportunities. We find that cost-

weighted elasticities are generally close to zero and similar to our main, unweighted estimates,

except for refining, which we find to be statistically significantly negative when cost weighted.

Table A3 presents the estimates corresponding to Figure A9.

Table A4 presents the estimates of our cross-sector demand elasticity described in the main

text. Column (6) is our preferred specification: total final use as the outcome, instrumenting the

sector price with the intermediate input price index, with sector and country-by-year fixed e”ects.

Oberfield and Raval (2021) estimate the analogous cross-industry demand elasticity with a supply-

side cost instrument and find estimates centered around one, in line with our preferred estimate of
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1.1.

Table A5 tests the robustness of our composite-emissions elasticity to the 2013 expansion of

EU-ETS coverage under Phase III. In the table we exclude 2013 from the sample, add a post-2013

break to the sector time trend, and estimate separate pre- and post-2013 elasticities within one

specification. All three alternatives leave every sector’s estimate small or negative, far from the

Cobb-Douglas value of one.

Table A6 reports carbon price elasticities corresponding to Table 1, computed from a 1% increase

in the allowance price. Each entry gives the percent change in the outcome per 1% increase in the

permit price.

Table A7 presents a set of robustness exercises for our policy counterfactual simulations with

reallocation. Panel A varies the inner demand elasticity governing substitution across firms within

a sector. The demand elasticity estimate is particularly important for emissions since it determines

the ability of the economy to reallocate away from dirty firms. Panel B varies the outer cross-sector

demand elasticity governing across-sector reallocation. The simulation results are all relatively

una”ected by its value. Panel C varies the inner nest production elasticity of substitution between

capital, labor, and materials. The value of this elasticity matters for employment outcomes. Permit

price shocks propagate into materials prices and lead to substitution between materials and labor,

making employment sensitive to the value of the inner nest production elasticity. Panel D varies the

outer nest production elasticity of substitution between the productive composite and emissions.

As expected, greater elasticities lead to steeper emissions responses and blunted impacts on prices

and output. Panel E varies how we compute the rental rate of capital by using only subsets of the

full Jorgenson formula, all omitting the capital gains/losses channel present in the main text. The

rental rate computation matters for price and output. Adding a risk premium to the base real rate

increases rental rates and blunts the impact of permit price shocks on output and firm prices. The

baseline rental rate further accounts for depreciation and investment price growth and additionally

blunts impacts.

Table A8 sorts firms into quartiles of emissions cost share ϑin and reports how baseline emissions

and revenue are distributed across those quartiles. The highest quartile holds 62% of emissions but

only 9% of revenue. In the fixed-share scale exercise, output and emissions decline by the same

common proportion in every quartile, so the table documents baseline concentration rather than

heterogeneous contraction across firms.

Table A9 presents our leakage estimates using the 3,410,623 distinct firms in the full Orbis

sample—not just firms in ETS—under alternative strategies for imputing emissions at non-ETS

firms. Section D.6 describes the matching procedure. Without endogenous clean technology, leakage

rates across the five imputation strategies range from 1.3% to 6.1%. With clean technology, leakage

rates range from -0.7% to 2.2%. These results align with Colmer et al. (2024) and Naegele and

Zaklan (2019), who find limited or no leakage under EU-ETS.38

38Colmer et al. (2024) find no evidence for leakage in shifting of input suppliers, product market reallocation, or
within-firm reallocation across regulated and unregulated plants. Naegele and Zaklan (2019) find no evidence of
changes in embodied carbon of imports. Our leakage analysis captures product market reallocation across firms and
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Figure A1: Emissions Share by Sector Over Time

Notes: This figure plots each sector’s share of total verified emissions in our EUTL-Orbis matched sample. The
five sectors with the largest emissions shares in 2021 are labeled.

Figure A2: Elasticity of Substitution Between Emissions and Composite Input

(a) Initial Relative Price (b) Emissions Price Increase

Notes: This figure illustrates input responses to an emissions price increase for firms with di!erent production
technologies. Both isoquants produce the same output and are tangent to the initial relative price line at
the same input bundle. The isoquant labeled ω has low substitutability between the composite input (X)
and emissions (E); the isoquant labeled ω→ has higher substitutability and lies weakly inside ω away from the
tangency. Panel (a) shows the common optimal input choice (X0, E0 and X →

0, E
→
0) under the initial relative price

(dotted gray line). Panel (b) shows responses (X1, E1 and X →
1, E

→
1) to an emissions price increase; each black

line is the new isocost line tangent to one isoquant, and the dotted gray line reproduces the initial relative price
line from Panel (a).
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Figure A3: Outer Nest Clustering and Wild Bootstrap Robustness

Notes: This figure shows the maintained IV emissions-composite elasticity under five inference approaches.
Point estimates are identical across schemes by construction. Schemes marked with a † reestimate the inner
nest ε̂n in every bootstrap replicate, propagating first-stage uncertainty into ωn, and combine block bootstrap
variances by two-way inclusion-exclusion (Cameron et al., 2011) with a robust interquartile scale. Gray circles
(†): firm clusters. Black diamonds (†): firm and year, the scheme reported throughout the paper. Blue squares
(†): firm and region-year. Orange triangles: year-only unrestricted wild cluster bootstrap (WCU), εn held fixed
(MacKinnon et al., 2021). Purple stars: hybrid firm and year scheme—the two-stage bootstrap firm variance
added to the WCU year variance, omitting the intersection correction, which is slightly conservative. Wild
bootstrap schemes do not propagate inner nest uncertainty, so they omit the two-stage estimation uncertainty
that the maintained scheme incorporates. Error bars show 95% confidence intervals. The dashed vertical line
marks zero. The carbon price surprise instrument varies only across 17 years, so the wild bootstrap schemes
address the small number of year clusters (Cameron et al., 2008).

within-firm reallocation and thus provides a structural complement to Colmer et al. (2024).
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Figure A4: Capital-Labor-Materials Elasticity of Substitution by Sector

(a) Materials-Labor (b) Capital-Labor

Notes: This figure plots sector-specific estimates of the inner nest elasticity of substitution εn among capital,
labor, and materials from equation (18). Panel (a) estimates the materials-labor first-order condition; Panel
(b) estimates the capital-labor first-order condition. Gray circles show OLS estimates; black triangles show
IV estimates using granular instrumental variables for wages following Gabaix and Koijen (2024). Unlike the
matched ETS sample used elsewhere, these regressions use the broader Orbis GIV panel spanning 1998–2021.
The 11 sector regressions contain 25.8 million observations; Appendix F describes the construction. Error bars
show 95% confidence intervals from standard errors clustered by firm and year. Confidence intervals extending
beyond the [→5, 5] axis range are truncated at the panel edge. The right margin of each panel reports the sector’s
Kleibergen-Paap first-stage F statistic for the IV estimate. The dashed vertical lines mark zero (Leontief) and
one (Cobb-Douglas).
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Figure A5: Capital-Labor-Materials Elasticity of Substitution Robustness

(a) Materials-Labor (b) Capital-Labor

Notes: This figure plots sector-specific estimates of the inner nest elasticity of substitution εn among capital,
labor, and materials from equation (18). Panel (a) estimates the materials-labor first-order condition; Panel
(b) estimates the capital-labor first-order condition. Black circles show our main IV where we exclude a firm’s
own SIC 3 sector from the construction of the instrument; blue triangles show estimates when constructing
the instrument only excluding the firm; gray squares show estimates when constructing the instrument without
any exclusion of data; green stars show estimates when using the observed firm wage instead of the computed
regional wage as the endogenous regressor. Legend labels report each specification’s median Kleibergen-Paap
first-stage F statistic across sectors, computed within the panel. Error bars show 95% confidence intervals from
standard errors clustered by firm and year. Confidence intervals extending beyond the [→5, 5] axis range are
truncated at the panel edge. The dashed vertical lines mark zero (Leontief) and one (Cobb-Douglas).
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Figure A6: EU-ETS Installations by Firm

Notes: This figure shows the distribution of EU-ETS installations by firm in our sample of firms used to simulate
the model. The last bin captures all firms with 10 or more installations. The number reported in each panel is
the sector’s average installation count.
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Figure A7: Outer Nest Entry-Exit Robustness

Notes: This figure shows sector-specific estimates of the outer nest emissions-composite elasticity of substitution
ωn from equation (19), comparing the maintained firm fixed e!ects specification against an otherwise-identical
firm random e!ects specification. Both specifications instrument the log emissions price with the carbon price
surprise series. The dependent variable is the log of the emissions-to-composite ratio. Blue triangles show the
baseline fixed e!ects IV estimates, which coincide with the maintained estimates in Figure 2. Red circles show
the random e!ects IV estimates. The fixed e!ects estimator identifies ωn from within-firm variation over time,
whereas the random e!ects estimator additionally exploits between-firm, cross-sectional variation. Error bars
show 95% confidence intervals based on standard errors clustered by firm and year. Sectors marked with an
asterisk are those for which a Hausman test rejects the consistency of the random e!ects estimator at the 5%
level. The dashed vertical line marks zero.
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Figure A8: Recovered Clean Technology Trends

Notes: This figure plots the sector-specific clean technology trends recovered from the linear time trends h2,n(t)
in the IV specification of equation (19). Each curve is normalized to 1 in 2005. The thick line shows the aggregate
trend from a single regression pooling all sectors. The dashed horizontal line marks the 2005 normalization of
1.
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Figure A9: EU-ETS Clean Technology Local Projection Impulse Responses by Sector

Notes: This figure plots the sector-specific local projection impulse response functions from equation (21), whose
outcome is the cumulative change in log(X/E). The baseline specification includes the logPX

in,t↑1 control. Each
estimate comes from a separate sector-level local projection with firm fixed e!ects. The t → 1 permit price is
instrumented with the lagged carbon price surprise series. Each point estimate carries two 95% confidence
intervals. Blue error bars use Driscoll-Kraay standard errors, and red error bars use a wild cluster bootstrap
on the year dimension (Webb weights, 9,999 replications). The dashed horizontal line marks zero.
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Figure A10: Pooled EU-ETS Clean Technology Local Projection Impulse Responses: Firm-Average
and Emissions-Weighted

Notes: This figure plots the pooled local projection impulse response function for the composite-to-emissions
ratio log(X/E) from equation (21). The baseline specification includes the logPX

in,t↑1 control. Each horizon
is a separate pooled local projection with firm fixed e!ects, instrumenting the t → 1 permit price with the
lagged carbon price surprise series. In the left panel, every firm-year is weighted equally. In the right panel,
observations are weighted so that each sector’s total weight equals its share of 2005 (EU-ETS Phase I baseline)
emissions, with firms weighted equally within sector. Each point estimate carries two 95% confidence intervals.
Blue error bars use Driscoll-Kraay standard errors, and red error bars use a wild cluster bootstrap on the year
dimension (Webb weights, 9,999 replications). The dashed horizontal line marks zero.

Figure A11: Distribution of Emissions Cost Shares Across Sectors

Notes: This figure shows the 2005 distribution of emissions cost shares across firms in all 11 model sectors. Each
ridge depicts the within-sector distribution of emissions costs—tons of CO2 times the average permit price—
relative to firms’ total input cost (the sum of capital, labor, materials, and emissions costs). Red diamonds
mark sector medians. The horizontal axis is truncated, so the widest ridges extend beyond the displayed range.

A.15



Figure A12: Economy-Wide MAC Curves Under Alternative Reallocation Mechanisms

Notes: This figure plots the economy-wide planner MAC curve, constructed as the baseline-revenue-weighted
geometric mean of year-specific curves across 2005–2021, under di!erent reallocation mechanisms. Aggregate
household final demand is held fixed along each curve. All curves hold clean technology fixed. The red dotted
line incorporates only within-firm adjustment. The blue dashed line incorporates reallocation across firms
within sectors. The green solid line incorporates full reallocation and matches the economy-wide MAC curve
in Figure 5.

A.16



Figure A13: Emissions-Composite Elasticity Robustness to Time Trend Specification

(a) Linear Time Trend (Baseline) (b) Quadratic Time Trend

(c) Cubic Time Trend (d) Natural Spline (5 df)

Notes: This figure shows emissions-composite elasticity estimates under alternative time trend specifications.
Gray circles show OLS estimates. Black triangles show IV estimates using the carbon price surprise series. Error
bars show 95% confidence intervals based on a two-stage cluster bootstrap by firm and year (see footnote 25
in Section 4.1.2). The dashed vertical line in each panel marks zero (Leontief). The right margin of each panel
reports the sector-level Kleibergen-Paap first-stage F statistics for the IV estimates.
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Figure A14: Outer Nest Alternative Instruments

Notes: This figure shows emissions-composite elasticity estimates under alternative sets of instruments when
instrumenting for the price of the composite relative to the price of emissions instead of treating the composite
price as a control. All specifications use the baseline linear time trends. The black circles are estimates using
the carbon price surprise series. The gray triangles use the wage granular instrumental variable instead of
the carbon price surprise series. The blue squares include both the carbon price surprise series and wage
granular instrumental variables. Legend labels report each instrument set’s median Kleibergen-Paap first-stage
F statistic across sectors. Error bars show 95% confidence intervals based on a two-stage cluster bootstrap
by firm and year (see footnote 25 in Section 4.1.2). The dashed vertical lines mark zero (Leontief) and one
(Cobb-Douglas). O!-scale point estimates are placed at the relevant boundary and labeled with their actual
values, while confidence intervals are truncated at the boundary.
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Figure A15: Outer Nest Weak IV Robustness

Notes: This figure shows emissions-composite elasticity estimates under alternative specifications and reports
weak IV confidence sets. The black circle is our main specification with linear time trends, the dark gray
triangle uses quadratic time trends, the gray square uses cubic time trends, and the blue diamond keeps the
linear time trends but instruments for the relative emissions composite price instead of controlling for the
composite price. Legend labels report each specification’s median Kleibergen-Paap first-stage F statistic across
sectors. Thin capped lines show 95% confidence intervals based on a two-stage cluster bootstrap by firm and
year (see footnote 25 in Section 4.1.2). Teal outlined bands show Anderson-Rubin weak IV confidence sets
following Andrews et al. (2019). The dashed vertical line marks zero (Leontief).
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Figure A16: Sectoral IO Price E”ects

Notes: This figure plots sectoral price changes from doubling the emissions price and adding the estimated
five-year change in clean technology. The blue segment is the direct e!ect when input-output propagation is
shut down. The amber segment is the additional e!ect transmitted through the input-output network. The
two segments sum to the total sectoral price change.
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Table A1: Sector Data Coverage Summary

Sector NACE Codes # Observations # Unique Firms Share of Emissions (%)

Power & Heat 35 8,332 1,039 46.44
Cement/Lime/Glass/Ceramics 23 8,270 1,027 15.21
Light Manufacturing 10–16, 18, 21, 26–33 6,489 806 2.33
Pulp/Paper/Board 17 4,410 485 2.91
Other Non-Manufacturing All remaining NACE codes 3,267 527 5.52
Chemicals 20 3,162 362 6.74
Basic Metals 24 2,178 259 7.12
Mining and Quarrying 05–09 617 63 2.73
Refineries & Coke 19 617 62 10.19
Rubber and Plastic Products 22 491 61 0.18
Fabricated Metal Products 25 453 69 0.62

Notes: This table summarizes sectoral coverage in the matched ETS-Orbis sample, reporting the number of
firm-year observations, unique firms, and each sector’s share of total emissions. Emissions shares are computed
over the full sample period.

Table A2: Outer Nest ωn: Robustness to Cost Weighting

Unweighted Cost-weighted

Sector OLS ω̂n IV ω̂n OLS ω̂n IV ω̂n N

Basic Metals 0.053 (0.092) 0.086 (0.101) 0.078 (0.133) 0.124 (0.149) 2,178
Cement/Lime/Glass/Ceramics 0.010 (0.026) -0.041 (0.089) 0.006 (0.020) 0.027 (0.054) 8,270
Chemicals 0.061 (0.064) 0.067 (0.070) 0.044 (0.112) 0.033 (0.152) 3,162
Fabricated Metal Products -0.050 (0.013) -0.103 (0.058) 0.001 (0.033) -0.008 (0.032) 453
Light Manufacturing -0.013 (0.017) -0.067 (0.068) 0.005 (0.042) 0.036 (0.059) 6,489
Mining and Quarrying 0.010 (0.026) -0.052 (0.085) -0.004 (0.060) -0.390 (0.297) 617
Other Non-Manufacturing -0.001 (0.027) -0.006 (0.047) 0.004 (0.034) -0.026 (0.099) 3,267
Power & Heat -0.048 (0.038) -0.121 (0.083) 0.026 (0.049) -0.051 (0.090) 8,332
Pulp/Paper/Board -0.031 (0.015) -0.066 (0.049) -0.009 (0.017) -0.009 (0.065) 4,410
Refineries & Coke -0.008 (0.036) -0.163 (0.125) -0.035 (0.047) -0.277 (0.106) 617
Rubber and Plastic Products -0.029 (0.022) -0.090 (0.071) -0.027 (0.017) -0.147 (0.114) 491

Notes: This table reports sector-level estimates of the outer nest elasticity ωn across all four combinations of
identification strategy (OLS vs. IV) and sample weighting (unweighted vs. cost-weighted). Cost weights are
total input cost CK +CL +CM +CE following Oberfield and Raval (2021). Cost weights are normalized to be
mean one within each sector to stabilize the weighted demeaning. The IV columns instrument the log emissions
price with the carbon price surprise series. Standard errors, from a two-stage cluster bootstrap by firm and
year, are in parentheses.
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Table A3: Sector-Level Local Projection IV Estimates

Sector ϖ̂
E

0 ϖ̂
E

1 ϖ̂
E

2 ϖ̂
E

3 ϖ̂
E

4 Nh=4

Basic Metals 0.095 (0.079) 0.339 (0.153) 0.421 (0.209) 0.197 (0.189) 0.033 (0.157) 922

Cement/Lime/Glass/Ceramics 0.046 (0.046) 0.115 (0.068) 0.147 (0.095) 0.189 (0.095) 0.139 (0.083) 3,416

Chemicals 0.128 (0.069) 0.325 (0.115) 0.245 (0.165) 0.119 (0.088) 0.011 (0.064) 1,401

Fabricated Metal Products 0.011 (0.033) 0.134 (0.171) 0.158 (0.235) 0.197 (0.126) -0.044 (0.087) 150

Light Manufacturing 0.074 (0.036) 0.136 (0.063) 0.206 (0.061) 0.236 (0.083) 0.248 (0.070) 2,741

Mining and Quarrying 0.016 (0.080) 0.253 (0.159) 0.478 (0.195) 0.476 (0.162) 0.256 (0.152) 351

Other Non-Manufacturing -0.031 (0.076) 0.058 (0.057) 0.075 (0.093) 0.039 (0.085) 0.109 (0.137) 1,128

Power & Heat -0.043 (0.067) -0.014 (0.129) 0.270 (0.107) 0.451 (0.112) 0.425 (0.123) 3,239

Pulp/Paper/Board 0.035 (0.024) 0.151 (0.053) 0.122 (0.059) 0.125 (0.075) 0.165 (0.075) 2,075

Refineries & Coke 0.140 (0.092) 0.375 (0.136) 0.609 (0.238) 0.491 (0.180) 0.564 (0.148) 294

Rubber and Plastic Products 0.099 (0.051) 0.224 (0.104) 0.379 (0.131) 0.366 (0.107) 0.199 (0.072) 207

Notes: This table reports sector-by-sector IV estimates of the cumulative permit price elasticity ϑ̂E
h,n at horizons h ↑ {0, 1, 2, 3, 4} from equation (21).

The outcome is the cumulative change in log(X/E). The t → 1 permit price is instrumented with the lagged carbon price surprise series. Nh=4 reports
the regression sample at the five-year horizon. Driscoll-Kraay standard errors are in parentheses.
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Table A4: Cross-Sector Demand Elasticity Estimates

Log Expenditure

(1) (2) (3) (4) (5) (6)

Log(P) 1.721 1.712 1.338 -0.2551 -0.2609 -0.1114

(0.7864) (0.7920) (0.5442) (0.7243) (0.7367) (0.3552)

Outcome Household Cons. Total Final Cons. Total Final Use Household Cons. Total Final Cons. Total Final Use

Model OLS OLS OLS IV IV IV

Instrument – – – II Price II Price II Price

Observations 1,722 1,722 1,734 1,722 1,722 1,734

Kleibergen-Paap F – – – 83 82 86

Sector Group Fixed E”ects Yes Yes Yes Yes Yes Yes

Country-Year Fixed E”ects Yes Yes Yes Yes Yes Yes

Notes: This table reports the coe”cient on log price, 1→ ϖ, from the regression log V F
nct = (1→ ϖ) logPnct + ϱn + ϱct + ςnct in equation (20), where V F

nct

is nominal final demand expenditure on sector n, Pnct is the sector’s price index, and c indexes countries. The outcome is household final consumption in
columns (1) and (4), total final consumption in columns (2) and (5), and total final use in columns (3) and (6). Columns (1)–(3) report OLS estimates.
Columns (4)–(6) instrument for price using the intermediate input price index. Column (6) is our preferred specification. The Kleibergen-Paap row reports
the first-stage F statistic for the excluded instrument in the IV columns. Standard errors, two-way clustered by country and year, are in parentheses.
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Table A5: Outer Nest ωn: Robustness to the 2013 EU-ETS Coverage Expansion

Period-specific ω̂n

Sector Baseline Excl. 2013 2013 break Pre-2013 Post-2013 N

Basic Metals 0.086 (0.101) 0.085 (0.150) ↑0.068 (0.100) 0.151 (0.117) ↑0.144 (0.149) 2,178
Cement/Lime/Glass/Ceramics ↑0.041 (0.089) ↑0.048 (0.125) ↑0.124 (0.076) 0.019 (0.077) ↑0.181 (0.073) 8,270
Chemicals 0.067 (0.070) 0.067 (0.114) ↑0.020 (0.077) 0.133 (0.101) ↑0.090 (0.118) 3,162
Fabricated Metal Products ↑0.103 (0.058) ↑0.090 (0.060) ↑0.139 (0.082) ↑0.091 (0.069) ↑0.166 (0.083) 453
Light Manufacturing ↑0.067 (0.068) ↑0.056 (0.090) ↑0.124 (0.069) ↑0.031 (0.074) ↑0.159 (0.049) 6,489
Mining and Quarrying ↑0.052 (0.085) ↑0.047 (0.097) ↑0.116 (0.063) ↑0.002 (0.101) ↑0.145 (0.082) 617
Other Non-Manufacturing ↑0.006 (0.047) 0.006 (0.087) ↑0.041 (0.086) 0.028 (0.073) ↑0.075 (0.095) 3,267
Power & Heat ↑0.121 (0.083) ↑0.081 (0.090) ↑0.136 (0.106) ↑0.095 (0.094) ↑0.163 (0.097) 8,332
Pulp/Paper/Board ↑0.066 (0.049) ↑0.059 (0.065) ↑0.102 (0.061) ↑0.030 (0.056) ↑0.136 (0.046) 4,410
Refineries & Coke ↑0.163 (0.125) ↑0.088 (0.143) ↑0.269 (0.167) ↑0.101 (0.180) ↑0.300 (0.142) 617
Rubber and Plastic Products ↑0.090 (0.071) ↑0.075 (0.102) ↑0.178 (0.104) ↑0.043 (0.097) ↑0.246 (0.085) 491

Notes: This table reports the IV emissions-composite elasticity ω̂n. Baseline reproduces the IV estimates in
Figure 2. Excl. 2013 drops the year in which EU-ETS coverage expanded to these sectors’ process emissions
under Phase III. 2013 break adds a post-2013 indicator to the sector time trend. Pre-2013 and Post-2013 come
from a single specification that adds an interaction between the instrumented permit price and the post-2013
indicator to the baseline, so the two columns report the elasticity before and after the coverage expansion. The
permit price is instrumented with the carbon price surprise series. Standard errors, from a two-stage cluster
bootstrap by firm and year, are in parentheses in all columns (see footnote 25 in Section 4.1.2 and Figure A3).

Table A6: Carbon Price Elasticities

ςP ςY ςE ςL

Total IO sh. Total IO sh. Total IO sh. Total IO sh.

Reallocation: Active
Short run 0.033 75% -0.045 81% -0.344 5% -0.013 27%
Long run 0.023 74% -0.032 82% -0.525 3% -0.009 37%

Reallocation: Suppressed
Short run 0.033 75% -0.041 80% -0.050 83% -0.024 65%
Long run 0.023 74% -0.029 79% -0.333 11% -0.017 65%

Notes: This table reports elasticities of aggregate outcomes with respect to the EU-ETS permit price, computed
from a 1% price increase. Each entry gives the percent change in the outcome per 1% increase in the permit
price. Row definitions follow Table 1. The columns report the same four outcomes in elasticity form, ordered
as prices (ςP ), output (ςY ), emissions (ςE), and labor (ςL). “IO sh.” is the share of each e!ect attributable
to input-output network propagation, expressed as a percentage of the total e!ect rather than the fraction
reported in Table 1.
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Table A7: Policy Counterfactuals Robustness

!P (%) !Y (%) !E (%) !L (%)

Panel A: Within-Sector Demand Elasticity

Double CO2 price
Demand elasticity ↑0.5 3.15 (+2.34) -3.50 (-2.76) -15.11 (-1.64) -1.25 (-0.45)
Demand elasticity ↑2 2.42 (+1.82) -4.00 (-3.52) -34.07 (-1.70) -0.61 (-0.18)
Demand elasticity = estimated min 2.88 (+2.15) -3.58 (-2.94) -20.60 (-1.75) -0.97 (-0.38)
Demand elasticity = estimated max 2.35 (+1.76) -4.11 (-3.66) -36.26 (-1.90) -0.42 (-0.15)

Double CO2 price + clean tech
Demand elasticity ↑0.5 2.05 (+1.50) -2.34 (-1.83) -26.33 (-0.98) -0.85 (-0.33)
Demand elasticity ↑2 1.67 (+1.24) -2.85 (-2.50) -38.78 (-1.15) -0.40 (-0.16)
Demand elasticity = estimated min 1.91 (+1.41) -2.44 (-1.99) -29.80 (-1.16) -0.67 (-0.29)
Demand elasticity = estimated max 1.63 (+1.22) -2.96 (-2.62) -40.38 (-1.31) -0.27 (-0.17)

Panel B: Across-Sector Demand Elasticity

Double CO2 price
Across-sector demand elasticity ↑0.5 2.81 (+2.10) -3.63 (-3.02) -22.61 (-1.68) -1.07 (-0.43)
Across-sector demand elasticity ↑2 2.79 (+2.09) -3.59 (-2.99) -23.45 (-1.13) -0.80 (-0.18)

Double CO2 price + clean tech
Across-sector demand elasticity ↑0.5 1.87 (+1.39) -2.52 (-2.09) -31.01 (-1.20) -0.71 (-0.33)
Across-sector demand elasticity ↑2 1.87 (+1.39) -2.49 (-2.06) -31.44 (-0.84) -0.60 (-0.17)

Panel C: Inner Nest Production Elasticity

Double CO2 price
Inner nest elasticity ↑0.5 2.98 (+2.29) -3.50 (-2.90) -22.68 (-1.31) -1.37 (-0.71)
Inner nest elasticity ↑2 2.38 (+1.66) -3.83 (-3.22) -23.38 (-1.93) -0.48 (+0.11)
Inner nest elasticity = estimated min 3.05 (+2.36) -3.40 (-2.80) -22.58 (-1.20) -1.68 (-1.00)
Inner nest elasticity = estimated max 2.34 (+1.61) -3.52 (-2.90) -23.39 (-1.79) -0.20 (+0.41)
Inner nest elasticity = capital-labor estimates 2.43 (+1.69) -3.26 (-2.63) -23.29 (-1.54) -1.03 (-0.32)

Double CO2 price + clean tech
Inner nest elasticity ↑0.5 1.99 (+1.51) -2.45 (-2.02) -31.03 (-0.99) -0.97 (-0.54)
Inner nest elasticity ↑2 1.59 (+1.10) -2.63 (-2.19) -31.45 (-1.31) -0.28 (+0.07)
Inner nest elasticity = estimated min 2.04 (+1.56) -2.38 (-1.95) -30.97 (-0.93) -1.18 (-0.74)
Inner nest elasticity = estimated max 1.57 (+1.07) -2.43 (-1.99) -31.43 (-1.11) -0.14 (+0.25)
Inner nest elasticity = capital-labor estimates 1.64 (+1.14) -2.26 (-1.81) -31.35 (-0.80) -0.75 (-0.29)

Panel D: Outer Nest Production Elasticity

Double CO2 price
Outer nest elasticity = 0.5 2.44 (+1.83) -2.88 (-2.35) -41.74 (-0.20) -0.31 (-0.00)
Outer nest elasticity = 1.5 1.86 (+1.40) -1.76 (-1.35) -67.75 (+0.62) 0.65 (+0.49)
Outer nest elasticity = 2.5 1.43 (+1.09) -1.00 (-0.68) -82.71 (+0.57) 1.23 (+0.79)

Double CO2 price + clean tech
Outer nest elasticity = 0.5 1.68 (+1.25) -2.06 (-1.67) -44.01 (-0.18) -0.19 (-0.03)
Outer nest elasticity = 1.5 1.37 (+1.02) -1.33 (-1.02) -63.15 (+0.64) 0.54 (+0.36)
Outer nest elasticity = 2.5 1.13 (+0.85) -0.81 (-0.55) -75.81 (+0.81) 1.03 (+0.62)

Panel E: Capital Rental Rate

Double CO2 price
Real return 4.26 (+3.48) -5.35 (-4.70) -25.66 (-2.33) -1.01 (-0.32)
Real return + risk premium 3.33 (+2.61) -4.23 (-3.61) -23.73 (-1.73) -0.98 (-0.30)

Double CO2 price + clean tech
Real return 2.82 (+2.28) -3.69 (-3.22) -32.81 (-1.61) -0.71 (-0.27)
Real return + risk premium 2.22 (+1.72) -2.94 (-2.49) -31.68 (-1.23) -0.68 (-0.25)

Notes: This table reports robustness of counterfactual outcomes to di!erent parameter values. Reported results
are baseline-revenue-weighted geometric means across years. Values in parentheses are the percentage-point
contribution of the input-output network, calculated as the full-network outcome change minus the outcome
change when the materials shares #mnt are set to zero. Panel A varies the within-sector demand elasticity.
Panel B varies the cross-sector demand elasticity. Panel C varies the inner nest elasticity across capital, labor,
and materials. Panel D varies the outer nest elasticity between emissions and the productive composite. Panel
E varies the capital rental rate calculation.

A.25



Table A8: Emissions and Revenue Shares by Emissions Cost Share

Mean ϑin (%) Emissions Revenue
Quartile Share (%) Share (%)

Q1 (Lowest) 0.06 5.9 52.1
Q2 0.46 11.4 23.3
Q3 1.82 20.8 15.2
Q4 (Highest) 12.00 61.9 9.4

All Firms 1.51 100.0 100.0

Notes: This table sorts firms into quartiles of the baseline emissions cost share φin, re-forming the quartiles
within each year, and reports each quartile’s shares of baseline emissions and revenue. Emissions cost share is
the ratio of emissions costs to total input cost (the sum of capital, labor, materials, and emissions costs). The
associated fixed-share scale exercise holds all within-sector and across-sector market shares at baseline levels,
giving every quartile the same proportional output and emissions change. Those duplicate change columns are
omitted because they do not measure heterogeneous contraction. Entries are averages weighted by baseline
revenue across 2005–2021.

Table A9: Carbon Leakage to Unregulated Firms

Scenario Nearest-neighbor imputation Sector mean

Inputs Cost ratios Revenue All covariates
Revenue-
weighted

Short Run 1.98 % 1.33 % 3.87 % 3.46 % 6.13 %
Long Run -0.45 % -0.73 % 0.61 % 0.20 % 2.22 %

Notes: This table reports leakage rates from ETS to non-ETS firms in the full Orbis sample under five emissions
intensity imputation strategies. Leakage is →100 ↓ $Enon-ETS/$EETS, so a positive value means non-ETS
emissions rise as ETS emissions fall. Appendix D.6 describes the matching procedure. The first four columns
use nearest-neighbor imputations based on input levels, input cost-to-revenue ratios, revenue, or all three. The
final column uses the revenue-weighted mean emissions intensity of ETS firms in the same country, sector, and
year.
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A.1 Morishima Elasticities: Empirical Validation of Nested CES Specification

The nested CES specification in the main text assumes that the elasticity of substitution between

emissions and any productive input (capital, labor, or materials) is identical. Here we test the

nested CES functional form itself by estimating Morishima elasticities of substitution.

The Morishima elasticity of substitution MjE measures how the ratio of input j to emissions

responds to a change in the relative price of emissions, holding output constant:

MjE =
ϱ log(j/E)

ϱ log(PE/Pj)

∣∣∣∣
Y

where j ↓ {K,L,M}. With more than two inputs, the Morishima elasticity is the appropriate

measure of substitutability, and is not guaranteed to be symmetric unless the production function

is CES (Blackorby and Russell, 1989).

Under nested CES with emissions in the outer nest, all three Morishima elasticities should equal

the outer-nest elasticity ωn:

MKE = MLE = MME = ωn

If instead capital, labor, and materials had di”erent substitutability with emissions, we would

observe MKE ↔= MLE ↔= MME .

To test whether these predictions hold in the data, we estimate MjE for each input j ↓
{K,L,M} using the following regression, similar to our outer nest specification in equation (19):

log
jft

Eft

= MjE logPE

t +
∑

k ↓=E

ςjk logPk,t + ϖf + hn(t) + uft (22)

where f indexes firms, n indexes sectors, and t indexes years. We include firm fixed e”ects ϖf and

linear time trends hn(t), matching the baseline outer nest specification. We instrument for the

endogenous emissions price using the carbon price surprise series. We control for all three factor

prices.

Table A10 reports OLS and IV estimates of the three Morishima elasticities. The third column

for each elasticity additionally controls for log sales as a proxy for holding output fixed as the

definition requires.39 All three are uniformly small in magnitude, with a maximum absolute IV

estimate of 0.050. All three are statistically indistinguishable from each other. Emissions appear

to be similarly complementary with all productive inputs, consistent with treating capital, labor,

and materials as a composite in the outer nest.

Figure A17 shows that the low elasticity result holds across sectors. While there is some

heterogeneity in point estimates, the IV estimates are uniformly close to zero and statistically

indistinguishable across all major emitting sectors.

Tables A11–A14 present quadratic IV estimates of the Morishima elasticities to test whether

the elasticity of substitution is constant over the range of permit prices in the data. In these

39By not holding output fixed, we are implicitly imposing homotheticity.
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specifications we instrument for the linear and quadratic permit prices with the linear and quadratic

surprise series. The tables report the coe!cient estimates as well as the predicted elasticity at

the minimum, median, and maximum annual average permit price. The first table shows pooled

estimates. None of the estimates or predicted elasticities are statistically distinguishable from zero.

The next three tables show sector-specific estimates. The tables report the minimum across the

two first stages of the F statistic that both excluded instruments are jointly zero. In many cases

this minimum first-stage F statistic is low, so we interpret these results with caution; however, only

4 of 99 predicted elasticities are statistically di”erent from zero.

The evidence presented here informs our nested CES specification: Morishima elasticities are

uniformly low, statistically indistinguishable across input pairs, and remain close to zero across

the entire support of permit prices in the data. These findings support a representation of capital,

labor, and materials as a CES composite in the CES outer nest along with emissions.
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Table A10: Morishima Elasticities of Substitution

log
(
K

E

)
log

(
L

E

)
log

(
M

E

)

(1) (2) (3) (4) (5) (6) (7) (8) (9)
log(PE) -0.0040 -0.0180 -0.0208 -0.0029 -0.0045 -0.0047 0.0025 -0.0498 -0.0284

(0.0227) (0.0618) (0.0712) (0.0144) (0.0464) (0.0501) (0.0223) (0.0688) (0.0480)
Model OLS IV IV OLS IV IV OLS IV IV

Observations 38,286 38,286 38,131 38,286 38,286 38,131 38,286 38,286 38,131
Kleibergen-Paap F – 17 17 – 17 17 – 17 17
Firm Fixed E”ects Yes Yes Yes Yes Yes Yes Yes Yes Yes
Input Price Controls Yes Yes Yes Yes Yes Yes Yes Yes Yes
Sectoral Linear Trends Yes Yes Yes Yes Yes Yes Yes Yes Yes
Log Sales Control No No Yes No No Yes No No Yes

Notes: This table reports pooled OLS and IV estimates of the Morishima elasticities MjE between each productive input and emissions from equation (22).
All regressions control for labor, capital, and materials prices, firm fixed e!ects, and a sector linear time trend. Columns (3), (6), and (9) additionally
control for log firm sales. IV regressions instrument for log(PE) using the carbon price surprise series. Standard errors, from a cluster bootstrap by firm
and year, are in parentheses.
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Figure A17: Morishima Elasticities by Sector

(a) Capital-Emissions (MKE) (b) Labor-Emissions (MLE) (c) Materials-Emissions (MME)

Notes: Each panel shows sector-level estimates of the Morishima elasticity of substitution between the indicated
input and emissions, with sectors ordered by the IV estimate. Gray circles are OLS estimates. Black triangles
are IV estimates using the carbon price surprise series. Error bars show 95% confidence intervals based on a
cluster bootstrap by firm and year. The dashed vertical line in each panel marks zero. All regressions control
for labor, capital, and materials prices, firm fixed e!ects, and a sector linear time trend. Kleibergen-Paap
first-stage F statistics for the IV estimates are shown in the right margin of each panel.

Table A11: Quadratic IV Morishima Elasticities

log
(
K

E

)
log

(
L

E

)
log

(
M

E

)

(1) (2) (3)
log(PE) 0.7955 0.4611 1.0813

(0.8259) (0.5713) (1.0602)
log(PE)2 -0.1338 -0.0766 -0.1861

(0.1326) (0.0936) (0.1738)

Observations 38,286 38,286 38,286
Min. First-Stage F 9 9 9
Elasticity at Minimum Price 0.80 0.46 1.09

(0.83) (0.57) (1.06)
Elasticity at Median Price 0.02 0.02 -0.00

(0.09) (0.06) (0.09)
Elasticity at Maximum Price -0.31 -0.17 -0.46

(0.35) (0.26) (0.44)
Firm Fixed E”ects Yes Yes Yes
Input Price Controls Yes Yes Yes
Sectoral Linear Trends Yes Yes Yes

Notes: This table reports pooled quadratic IV estimates of the Morishima elasticities MjE between each
productive input and emissions from equation (22). All regressions control for labor, capital, and materials
prices, firm fixed e!ects, and a sector linear time trend. Regressions instrument for log(PE) and log(PE)2

using the carbon price surprise series and its square. Standard errors, from a cluster bootstrap by firm and
year, are in parentheses.
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Table A12: Quadratic IV Morishima Elasticities: Capital-Emissions

Basic
Metals

Cement/Lime/
Glass/Ceramics Chemicals

Fabricated
Metals

Light
Manufacturing

Mining and
Quarrying

Other
Non-Mfg.

Power &
Heat

Pulp/Paper/
Board

Refineries
& Coke

Rubber &
Plastics

logPE

0.46
(0.89)

1.45
(1.61)

↑1.94
(1.23)

2.13
(1.20)

0.10
(0.51)

1.70
(0.80)

1.06
(1.37)

1.27
(1.09)

0.39
(0.60)

0.87
(1.25)

2.09
(1.80)

(logPE)2
↑0.06
(0.15)

↑0.26
(0.26)

0.35
(0.22)

↑0.38
(0.22)

↑0.01
(0.09)

↑0.30
(0.17)

↑0.17
(0.24)

↑0.21
(0.18)

↑0.06
(0.11)

↑0.16
(0.24)

↑0.35
(0.29)

Min. first-stage F 8.9 9.1 10.1 10.1 8.0 9.1 8.6 8.0 8.3 12.1 11.1

Elasticity at min. price
0.46
(0.89)

1.46
(1.62)

↑1.95
(1.23)

2.14
(1.21)

0.10
(0.51)

1.70
(0.81)

1.06
(1.38)

1.27
(1.09)

0.39
(0.61)

0.87
(1.26)

2.10
(1.80)

Elasticity at median price
0.12
(0.12)

↑0.05
(0.15)

0.11
(0.11)

↑0.09
(0.04)

0.03
(0.06)

↑0.03
(0.11)

0.05
(0.11)

0.05
(0.11)

0.05
(0.07)

↑0.05
(0.16)

0.02
(0.12)

Elasticity at max. price
↑0.02
(0.43)

↑0.69
(0.59)

0.99
(0.62)

↑1.04
(0.51)

0.00
(0.23)

↑0.76
(0.57)

↑0.37
(0.59)

↑0.48
(0.48)

↑0.10
(0.28)

↑0.44
(0.61)

↑0.85
(0.67)

Observations 2,178 8,270 3,162 453 6,489 617 3,267 8,332 4,410 617 491

Notes: This table reports sector-specific capital-emissions quadratic IV estimates of the Morishima elasticity
MKE between capital and emissions from equation (22). All regressions control for labor, capital, and materials
prices, firm fixed e!ects, and a sector linear time trend. Regressions instrument for log(PE) and log(PE)2 using
the carbon price surprise series and its square. Standard errors, from a cluster bootstrap by firm and year, are
in parentheses.

Table A13: Quadratic IV Morishima Elasticities: Labor-Emissions

Basic
Metals

Cement/Lime/
Glass/Ceramics Chemicals

Fabricated
Metals

Light
Manufacturing

Mining and
Quarrying

Other
Non-Mfg.

Power &
Heat

Pulp/Paper/
Board

Refineries
& Coke

Rubber &
Plastics

logPE

↑0.18
(0.69)

0.74
(0.72)

↑1.67
(1.06)

1.07
(0.84)

0.27
(0.47)

0.79
(0.42)

0.27
(0.64)

0.69
(0.61)

0.62
(0.63)

1.30
(1.77)

0.59
(0.59)

(logPE)2
0.04
(0.13)

↑0.13
(0.12)

0.30
(0.18)

↑0.18
(0.03)

↑0.04
(0.08)

↑0.13
(0.07)

↑0.04
(0.10)

↑0.11
(0.10)

↑0.11
(0.11)

↑0.23
(0.31)

↑0.10
(0.11)

Min. first-stage F 8.9 9.1 10.1 10.1 8.0 9.1 8.6 8.0 8.3 12.1 11.1

Elasticity at min. price
↑0.18
(0.69)

0.74
(0.73)

↑1.68
(1.07)

1.07
(0.84)

0.27
(0.48)

0.79
(0.42)

0.27
(0.65)

0.70
(0.61)

0.62
(0.63)

1.31
(1.78)

0.60
(0.59)

Elasticity at median price
0.06
(0.08)

↑0.01
(0.09)

0.09
(0.10)

↑0.00
(0.06)

0.01
(0.05)

0.03
(0.06)

0.05
(0.06)

0.02
(0.11)

↑0.00
(0.05)

↑0.05
(0.16)

↑0.00
(0.05)

Elasticity at max. price
0.17
(0.38)

↑0.33
(0.32)

0.84
(0.44)

↑0.45
(0.22)

↑0.10
(0.22)

↑0.30
(0.27)

↑0.05
(0.27)

↑0.26
(0.32)

↑0.27
(0.26)

↑0.62
(0.81)

↑0.25
(0.26)

Observations 2,178 8,270 3,162 453 6,489 617 3,267 8,332 4,410 617 491

Notes: This table reports sector-specific labor-emissions quadratic IV estimates of the Morishima elasticity
MLE between labor and emissions from equation (22). All regressions control for labor, capital, and materials
prices, firm fixed e!ects, and a sector linear time trend. Regressions instrument for log(PE) and log(PE)2 using
the carbon price surprise series and its square. Standard errors, from a cluster bootstrap by firm and year, are
in parentheses.

Table A14: Quadratic IV Morishima Elasticities: Materials-Emissions

Basic
Metals

Cement/Lime/
Glass/Ceramics Chemicals

Fabricated
Metals

Light
Manufacturing

Mining and
Quarrying

Other
Non-Mfg.

Power &
Heat

Pulp/Paper/
Board

Refineries
& Coke

Rubber &
Plastics

logPE

↑0.32
(1.05)

0.18
(0.48)

0.83
(1.10)

1.13
(1.14)

1.16
(1.01)

1.14
(0.72)

0.49
(0.83)

2.54
(2.04)

0.56
(0.57)

2.02
(2.60)

1.71
(1.54)

(logPE)2
0.06
(0.17)

↑0.03
(0.09)

↑0.14
(0.18)

↑0.20
(0.18)

↑0.20
(0.18)

↑0.21
(0.13)

↑0.08
(0.16)

↑0.43
(0.34)

↑0.11
(0.11)

↑0.36
(0.45)

↑0.29
(0.28)

Min. first-stage F 8.9 9.1 10.1 10.1 8.0 9.1 8.6 8.0 8.3 12.1 11.1

Elasticity at min. price
↑0.32
(1.05)

0.18
(0.49)

0.84
(1.11)

1.14
(1.15)

1.17
(1.02)

1.15
(0.72)

0.49
(0.84)

2.55
(2.05)

0.56
(0.58)

2.03
(2.61)

1.72
(1.54)

Elasticity at median price
0.06
(0.12)

0.02
(0.07)

0.04
(0.09)

↑0.01
(0.09)

↑0.03
(0.08)

↑0.09
(0.14)

0.03
(0.07)

0.06
(0.15)

↑0.08
(0.07)

↑0.08
(0.15)

0.03
(0.15)

Elasticity at max. price
0.22
(0.44)

↑0.04
(0.27)

↑0.30
(0.46)

↑0.50
(0.49)

↑0.54
(0.47)

↑0.62
(0.42)

↑0.17
(0.44)

↑1.00
(0.77)

↑0.35
(0.31)

↑0.98
(1.04)

↑0.68
(0.68)

Observations 2,178 8,270 3,162 453 6,489 617 3,267 8,332 4,410 617 491

Notes: This table reports sector-specific materials-emissions quadratic IV estimates of the Morishima elasticity
MME between materials and emissions from equation (22). All regressions control for labor, capital, and
materials prices, firm fixed e!ects, and a sector linear time trend. Regressions instrument for log(PE) and
log(PE)2 using the carbon price surprise series and its square. Standard errors, from a cluster bootstrap by
firm and year, are in parentheses.
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B Data Construction and Measurement

This appendix describes in more detail the data cleaning steps and how we construct the empirical

objects used in estimation and counterfactuals.

EUTL-Orbis Crosswalk We link installation-year European Union Transaction Log (EUTL)

data to firm-year Orbis data using the European Commission/JRC EUTL-Orbis crosswalk. We

aggregate total verified emissions up to the firm-year level within a firm across all of its installations.

The EUTL-Orbis linking creates a potential measurement issue. EU-ETS regulates installations

based on physical activity, while Orbis assigns firms to sectors using their primary NACE code.

These two can di”er when a firm operates a regulated plant outside its primary business line (e.g.,

a cement plant operating on-site power generation). We use the Orbis sector for assignment to

better reflect the economic decision-making of the firm.

Deflation and Real Variables We express firm financial variables in real terms using country-

year-level price deflators from Penn World Table 11.0 (PWT). We apply this deflator to operating

revenue, fixed assets, labor costs, materials expenditures, value added, and emissions prices.

Materials Prices and Quantities Orbis reports firm materials expenditures but not physical

materials quantities, which we need for both estimation and simulation when constructing the

productive composite. We construct materials quantities by dividing reported materials spending

by the EU KLEMS intermediate input price index for the firm’s country, sector, and year.

Capital Rental Rate We construct the rental price of capital using EU KLEMS capital account

data and PWT country-year returns. EU KLEMS provides investment price growth and depre-

ciation by country, NACE section, and year. PWT provides country-year real returns and price

information. We then compute the capital rental rate P
K
nct for sector n in country c in year t using

a Jorgenson-style user cost formula:

P
K

nct = rct ↑ (1↑ φnct)g
K

nct + ↼.

rct = 1 + irrct is the gross real return, which comes from the PWT net internal rate of return

irrct, φnct is the depreciation rate, gKnct is one plus real investment price growth, and ↼ = 0.07 is

the risk premium. Writing g̃
K
nct = g

K
nct ↑ 1 for the net growth rate, the formula is then P

K
nct =

irrct + φnct (1 + g̃
K
nct)↑ g̃

K
nct + ↼, which is the standard Jorgenson rental rate including depreciation.

Because the PWT return is net of depreciation, the depreciation term enters exactly once.

In a small number of country-sector-year combinations, there is rapid real investment price

growth, which implies a negative rental rate. In those cases we floor the rental rate at the country-

year net real return irrct. EU KLEMS does not cover Norway or Switzerland, so the depreciation
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and investment price components of their user costs are imputed from sector-year averages for the

EU KLEMS EU20 country aggregate.

User cost formulas can imply implausibly large capital costs for some capital-intensive firm-

years and push total cost above revenue, inconsistent with our model. To circumvent this issue we

cap the imputed capital cost. Let C̃K

int
= P

K
nctKint denote the raw imputed capital cost. We set:

C
K

int = max

{
0.01 C̃K

int,min

(
C̃

K

int,
Rint

1.01
↑ C

L

int ↑ C
M

int ↑ C
E

int

)}
,

and then define the model rental price as P
K

int
= C

K

int
/Kint. The cap a”ects about 15.6% of firm-

years and primarily a”ects capital-intensive sectors such as cement and power.40

Sector Mapping We map firms to model sectors using their primary Orbis NACE code. We

include 11 sectors: power, cement and glass, basic metals, refining, chemical products, pulp and

paper, rubber and plastics, fabricated metals, mining and quarrying, light manufacturing, and

other non-manufacturing. We choose this grouping to keep the largest directly regulated EU-

ETS activities separate, such as power, cement, refining, and chemicals, while avoiding having few

observations within a sector-year for estimation and counterfactuals. The NACE codes included in

each sector are shown in Table A1.

Table A1 also reports coverage by sector for emissions, firms, and observations. Power accounts

for 46% of total verified emissions and 1,039 unique firms. Cement and glass is the second-largest

emitting sector at 15%, followed by refining (10%), basic metals (7%), and chemical products (7%).

Some EU KLEMS and Eurostat data use aggregate industry or product codes that span more

than one model sector. In these cases, we allocate the aggregate flow to our 11 model sectors using

observed Orbis revenue weights.

Eurostat Supply-Use Inputs We use Eurostat Supply-Use tables for two counterfactual inputs.

First, intermediate use flows determine the input-output materials coe!cients #mnt. Second, final

demand entries determine the sectoral final demand shares sFnt. When a country-year is missing in

the data, we impute using the nearest available year for that country.

Plant-Level Electricity Data The electricity case study links large power emitters to physical

generation fleets. We use the WRI Global Power Plant Database for plant ownership, fuel type,

and nameplate capacity. We use ENTSO-E Transparency Platform unit-level generation data to

measure annual generation and capacity factors. These plant-level data are used only for the

40Even if we do not cap capital costs we still obtain positive sectoral average markups and thus finite demand
elasticities. The only non-negligible di!erence when not capping capital costs is that the refining demand elasticity
increases; however, this has essentially no impact on the quantitative results because its demand elasticity was already
large. Our quantitative simulations can accommodate firms with costs exceeding revenues because the calibration of
the model reads changes in revenues against costs, conditional on the other calibrated model parameters, as di!erences
in TFP.
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electricity sector case study and do not enter the baseline production estimates or counterfactual

calibration.

C Generalized Model of Production and Abatement

The main text adopts a nested CES production structure in which emissions enter the outer nest

alongside a composite of capital, labor, and materials. This appendix builds the justification for

that approach in two layers. Section C.1 derives a general emissions-as-an-input representation

result. The result does not require functional form assumptions, constant elasticities, constant

returns to scale, or separability between production and abatement. Its assumptions and proof

are fairly standard, but the most general model admits no clear economic interpretation for the

clean technology shifters. Section C.2 supplies the missing pieces to link this result to the main text

model following the by-production approach to emissions-as-an-input. It presents a separable model

in which firms divert inputs from production to abatement. It then proves that the feasible set

this model generates satisfies the proposition’s assumptions. In doing so, it gives clean technology

Bint its interpretation as the productivity of abatement inputs or emissions-saving technology. The

nested CES of the main text is a separate parameterization used to quantify the model.

C.1 A General Emissions-as-an-Input Representation

A central obstacle to estimation of the production side of models of emitting firms is that economists

often do not observe how firms divide resources between producing output and abating emissions.

Here we show that standard regularity conditions deliver that the standard and emissions-as-

an-input representations share the same input requirement set for every output-emissions pair

(Yint, Eint) and the same conditional cost function. The two representations thus have the same

cost-minimizing input choices. This equivalence means a supply-side representation can be esti-

mated from observed (Kint, Lint,Mint, Eint) alone.

Treating emissions or environmental services as an argument of the production function is

longstanding in environmental economics. Early applications include Pethig (1976) and Siebert

et al. (1980), followed by Baumol and Oates (1988), Cropper and Oates (1992), Copeland and Taylor

(1994) and Copeland and Taylor (2003). Pethig (2006) and Ebert and Welsch (2007) provide formal

emissions-as-an-input representations under materials-balance restrictions. Murty et al. (2012),

Murty (2015), and Murty and Russell (2018) develop by-production alternatives. Our approach is

a special case of this latter strand of the literature. The representation argument below follows

standard production theory (Shephard, 1970; McFadden, 1978). Its role here is to provide the exact

object needed for our empirical application.

A firm uses capital, labor, and materials, collected in the total input vector vint = (Kint, Lint,Mint),

to produce output Yint with emissions Eint as a byproduct. Firms have heterogeneous technolo-

gies. Cleaner capital, fuel switching, or process redesign may also simultaneously raise productive

e!ciency and lower emissions. Let $int collect all technology shifters relevant for production and
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emissions, and let T ($int) ↗ R3
+↘R2

+ be the set of feasible tuples (vint, Yint, Eint). We make seven

assumptions on this set. (1) T ($int) contains (0, 0, 0). (2) It is closed. (3) It is convex. (4) Inputs

can be freely disposed of:

(v, Y, E) ↓ T ($), v
→ ≃ v ⇐ (v→, Y, E) ↓ T ($).

(5) Output is downward comprehensive:

(v, Y, E) ↓ T ($), 0 ⇒ Y
→ ⇒ Y ⇐ (v, Y →

, E) ↓ T ($).

(6) Emissions are upward comprehensive:41

(v, Y, E) ↓ T ($), E
→ ≃ E ⇐ (v, Y, E→) ↓ T ($).

(7) Finite inputs and emissions cannot generate unbounded output:

for every (v,E) ↓ R3
+↘R+, there exists Y (v,E) < ⇑ such that (v, Y, E) ↓ T ($) ⇐ Y ⇒ Y (v,E).

For a vector of factor prices p > 0, define the associated conditional cost and the emissions-as-an-

input production function by:

C̃(Y,E; p,$) → inf{ p · v : (v, Y, E) ↓ T ($) }, G̃(v,E;$) → sup{Y ≃ 0 : (v, Y, E) ↓ T ($) }.

From here on, we call the standard technology with emissions as a by-product the primitive

technology. Proposition 1 establishes the conditions for there to be an equivalent emissions-as-an-

input representation.

Proposition 1 Under assumptions (1)–(7), the feasible set is the hypograph of the emissions-as-

an-input production function: for every v,E ≃ 0,

(v, Y, E) ↓ T ($) ⇓⇐ 0 ⇒ Y ⇒ G̃(v,E;$).

Consequently: (i) G̃(·, ·;$) is concave and upper semicontinuous on R3
+↘R+ and weakly increasing

in E and in v; (ii) for every Y,E ≃ 0 the primitive technology and the emissions-as-an-input

representation have the same input requirement set, {v : G̃(v,E;$) ≃ Y } = {v : (v, Y, E) ↓
T ($)}, so their conditional costs coincide:

inf
v↔0

{ p · v : G̃(v,E;$) ≃ Y } = C̃(Y,E; p,$);

and (iii) when (Y,E) is feasible for some input vector and prices are strictly positive, both problems

attain the same nonempty set of cost-minimizing input vectors.
41Downward comprehensive means the firm could always produce less output, holding inputs and emissions fixed.

Upward comprehensive means the firm could emit more, holding inputs and output fixed.
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Proof: Hypograph and regularity Let S(v,E;$) → {Y ≃ 0 : (v, Y, E) ↓ T ($) }. Because

(0, 0, 0) ↓ T ($), input free disposal and upward comprehensiveness in E imply that 0 ↓ S(v,E;$)

for every v,E ≃ 0. By downward comprehensiveness, closedness, and the bounded-output condi-

tion, S(v,E;$) is a nonempty, bounded, closed interval of the form [0, G̃(v,E;$)]. In particular,

G̃(v,E;$) is finite and the supremum is attained, so the hypograph equivalence holds for every

v,E ≃ 0:

(v, Y, E) ↓ T ($) ⇓⇐ 0 ⇒ Y ⇒ G̃(v,E;$).

After reordering coordinates as (v,E, Y ), the set T ($) is thus the hypograph of G̃. Since T ($) is

closed and convex, G̃ is concave and upper semicontinuous.

Monotonicity If E→ ≃ E and (v, Y, E) ↓ T ($), upward comprehensiveness gives (v, Y, E→) ↓
T ($). Hence S(v,E;$) ↗ S(v,E→;$) and therefore G̃(v,E→;$) ≃ G̃(v,E;$). The same argument

with input free disposal in place of upward comprehensiveness shows G̃ is weakly increasing in v.

Cost equivalence. For every Y,E ≃ 0 the hypograph equivalence gives, for each v ≃ 0,

G̃(v,E;$) ≃ Y if and only if (v, Y, E) ↓ T ($): the input requirement sets of the two repre-

sentations are identical. Taking the infimum of p · v over this common set:

inf
v↔0

{ p · v : G̃(v,E;$) ≃ Y } = inf
v↔0

{ p · v : (v, Y, E) ↓ T ($) } = C̃(Y,E; p,$).

Attainment Suppose (v0, Y, E) ↓ T ($) for some v0 and every component of p is strictly positive.

Restricting the minimization to {v : (v, Y, E) ↓ T ($), p · v ⇒ p · v0} changes neither the infimum

nor the set of minimizers, since no input vector outside it can improve on v0. The restricted set

is nonempty, closed because T ($) is closed, and bounded because strictly positive prices cap each

component of v at p · v0 divided by that component’s price. It is then compact and p · v attains its

minimum on it. Both problems thus attain the same infimum on the same nonempty set because

the requirement sets coincide. ↭

Proposition 1 says that G̃ is a well-behaved concave, upper-semicontinuous production function

in which emissions behave like a productive input, and that cost-minimizing behavior under G̃

is identical to cost-minimizing behavior under the primitive technology. This is what permits

estimating production parameters from observed inputs and emissions without observing abatement

or the allocation of resources to abatement versus production.

C.2 A Separable Microfoundation

Proposition 1 does not provide an interpretation of the shifter $. Here we propose a separable

primitive model in which firms allocate inputs between production and abatement. We prove that

the feasible set it generates satisfies every assumption of the Proposition, establishing that the

primitive and emissions as an input representations generate the same cost functions, and thus the

same conditional input demands. This is critical to show because the conditional input demands

are how we estimate the model.
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In the separable model, a firm allocates capital, labor, and materials between production of

output and abatement of emissions:

Kint = Ky,int +Ka,int Lint = Ly,int + La,int Mint = My,int +Ma,int,

with all allocations nonnegative. Writing u for the production bundle and w for the abatement

bundle, an input allocation is feasible for total inputs vint when u + w ⇒ vint. Let X : R3
+ ⇔ R+

be a finite-valued, continuous, nondecreasing, and concave production function with X(0) = 0:

Yint = AintX(Ky,int, Ly,int,My,int),

where Aint > 0 is Hicks-neutral productivity. Let Z(·;Bint) : R3
+ ⇔ R+ be a finite-valued abatement

function, continuous, nondecreasing, and concave in inputs and increasing in the clean technology

Bint > 0, with Z(0;Bint) = 0:

Za,int → Z(Ka,int, La,int,Ma,int;Bint).

Better clean technology generates more abatement from the same abatement inputs, and zero

inputs generate no productive composite and no abatement. Emissions per unit of the productive

composite fall with abatement intensity:42

AintEint

Yint
= ↽

(
Aint Za,int

Yint

)
. (23)

Next, we impose several assumptions on ↽.

Assumption 8 ↽ : R+ ⇔ (e, e] is continuous, strictly decreasing, and strictly convex, with ↽(0) =

e, lima↗↘ ↽(a) = e, and 0 ⇒ e < e < ⇑.

Decreasing ↽ means emissions fall with abatement e”ort relative to production. Strict convexity

means abatement runs into diminishing returns so each further cut in emissions intensity requires a

larger increase in abatement intensity. Increasing marginal abatement costs in dollars follow when

this is combined with concavity of X and Z, which together make the feasible set convex and the

conditional cost convex in (Y,E). The boundary conditions say that zero abatement delivers the

finite maximum emissions intensity e while arbitrarily large abatement pushes intensity toward e.

The primitive model generates its own feasible set. An input allocation (u,w) with u+ w ⇒ v

yields output AX(u) and emissions determined by equation (23). Substituting Y = AX(u):

Tprim(A,B) →
{
(v, Y, E) ↓ R3

+ ↘ R2
+ :

↖u,w ≃ 0, u+ w ⇒ v,

Y = AX(u), E = X(u)↽
(
Z(w;B)/X(u)

)

}
,

42Aint/Yint on the left hand side is just 1/X(Ky,int, Ly,int,My,int), the quantity of the productive composite used
in output production.
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with the convention that the emissions equality reads E = 0 when X(u) = 0 so that an allocation

with no productive activity emits nothing.

The Lemma below shows that this feasible set satisfies assumptions (1)–(7) in Section C.1. Its

proof needs the abatement requirement for an output-emissions pair (Y,E), obtained by expressing

equation (23) in reverse. We define this function gA(Y,E). The requirement enters the separable

feasible set below as the constraint Z(w;B) ≃ gA(Y,E), so properties of gA become properties

of the set. Lower semicontinuity makes the constraint survive limits and the set closed, joint

convexity makes the set convex, and the fact that it is monotonic, nonincreasing in emissions and

nondecreasing in output, delivers the two comprehensiveness assumptions. We first construct the

requirement in emissions intensity terms, then convert it to levels and establish each property,

including the boundary cases.

Under Assumption 8 the inverse ↽
≃1 is well defined on (e, e), is strictly decreasing, strictly

convex, and nonnegative. It diverges to +⇑ as its argument falls to e. Extend it to all of R by:

h(e) =






+⇑, e ⇒ e,

↽
≃1(e), e ↓ (e, e),

0, e ≃ e.

The extension imposes free disposal of emissions above the zero-abatement intensity e and rules

out intensities at or below e. So as defined, h is nonnegative, nonincreasing, convex, and lower

semicontinuous.43

Inverting equation (23), the abatement required to deliver the pair (Yint, Eint) is:

gA(Y,E) → Y

A
h

(
AE

Y

)
for Y > 0, gA(0, E) → 0 for E ≃ 0. (24)

Now we establish the needed properties of gA.

Convexity for positive output For Y > 0, gA is the perspective of the convex function h and is

therefore jointly convex (Boyd and Vandenberghe, 2004, §3.2.6).
Monotonicity in emissions Because h is nonincreasing, gA is nonincreasing in E.

Monotonicity in output The function gA is also nondecreasing in Y . Rewriting the abatement

requirement in terms of the emissions intensity gives, for Y,E > 0:

gA(Y,E) = E
h(e)

e

and h(e)/e is nonincreasing as the product of two nonnegative nonincreasing functions of e, so

higher output lowers the intensity and weakly raises the requirement. The remaining monotonicity

cases involve Y = 0 or E = 0. Monotonicity follows because gA vanishes on Y = 0, is nonnegative

everywhere, and equals +⇑ whenever E = 0 < Y , since zero emissions with positive output would

43Lower semicontinuity at e follows because ↼↑1(e) ↔ +↗ as e ↘ e, and at e because ↼↑1(e) ↔ 0 as e ≃ e.
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require an intensity at or below e.

Boundary values and lower semicontinuity It remains to check the boundary Y = 0, where

equation (24) sets gA to zero. For E > 0 it is already pinned down. Once Y ⇒ AE/e, the

emissions intensity is above the zero-abatement intensity e. In this case, no abatement is needed and

gA(Y,E) = 0. At the origin there is simply nothing to abate. At boundary points gA equals zero, its

global minimum, and a nonnegative function cannot jump below zero, so the lower semicontinuity

inequality holds there automatically. On Y > 0, gA is a positive continuous multiple of h evaluated

at a continuous argument, so it inherits lower semicontinuity from h.

Convexity along boundary segments The final check is convexity along segments that end on

the boundary. For Y > 0, E,E0 ≃ 0, and ⇀ ↓ (0, 1):

gA

(
⇀Y, ⇀E + (1↑ ⇀)E0

)
⇒ gA(⇀Y,⇀E) = ⇀ gA(Y,E),

where the inequality holds because gA is nonincreasing in E, and the equality holds because gA

is homogeneous of degree one. Since gA(0, E0) = 0, this is the convexity inequality between the

interior point (Y,E) and the boundary point (0, E0). Segments along the boundary are trivial

because gA vanishes there. Thus gA has all the properties stated above on R2
+.

The separable feasible set relaxes the primitive equalities to capacity constraints:

Tsep(A,B) →
{
(v, Y, E) ↓ R3

+ ↘ R2
+ : ↖u,w ≃ 0, u+ w ⇒ v, X(u) ≃ Y

A
, Z(w;B) ≃ gA(Y,E)

}
.

(25)

X and Z can be interpreted as capacities. A firm may leave inputs idle, produce less than its

production bundle allows, or carry more abatement capacity than its emissions require.

Lemma 1 (Verification of the separable microfoundation) Let Assumption 8 and the stated

conditions on X and Z hold. (i) Tsep(A,B) satisfies assumptions (1)–(7) of Proposition 1 with $ =

(A,B). (ii) Tsep(A,B) is exactly the primitive feasible set completed by free disposal of emissions:

Tsep(A,B) =

(v, Y, E) ↓ R3

+ ↘ R2
+ : (v, Y, E→) ↓ Tprim(A,B) for some 0 ⇒ E

→ ⇒ E

.

In particular Tprim(A,B) ↗ Tsep(A,B), and the two sets coincide wherever the primitive emissions

relation can hold: Y > 0 with AE/Y ↓ (e, e], or (Y,E) = (0, 0). The remaining points, with

Y = 0 < E or AE/Y > e, sit strictly above a primitive point in emissions alone, so any positive

price on emissions rules them out.

Proof: We verify assumptions (1)–(7) in turn for part (i) of the lemma, then prove part (ii).

(1) Contains the origin Take u = w = 0: X(0) ≃ 0 and Z(0;B) ≃ 0 = gA(0, 0).

(2) Closedness Let (vk, Yk, Ek) ↓ Tsep(A,B) converge to (v, Y, E), with feasible input splits

(uk, wk). Feasibility of a projected point must be established by exhibiting a limiting feasible input

split, since a projection of a closed set need not be closed. Because 0 ⇒ uk, wk ⇒ vk and vk ⇔ v,

the feasible input splits lie in a common compact box. A bounded sequence in Rn has a convergent
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subsequence, so along a subsequence uk ⇔ u
⇐ and wk ⇔ w

⇐ with u
⇐ + w

⇐ ⇒ v. Continuity of X

gives X(u⇐) = limX(uk) ≃ limYk/A = Y/A. Continuity of Z in inputs and lower semicontinuity

of gA give:

Z(w⇐;B) = lim
k

Z(wk;B) ≃ lim inf
k

gA(Yk, Ek) ≃ gA(Y,E).

Hence (v, Y, E) ↓ Tsep(A,B).

(3) Convexity Let (vj , Yj , Ej) ↓ Tsep(A,B) with feasible input splits (uj , wj) for j = 1, 2, let

⇀ ↓ [0, 1], and let the subscript ⇀ denote convex combinations. Then uω +wω ⇒ vω, concavity of X

gives X(uω) ≃ ⇀X(u1) + (1↑ ⇀)X(u2) ≃ Yω/A, and concavity of Z in inputs with joint convexity

of gA gives:

Z(wω;B) ≃ ⇀Z(w1;B) + (1↑ ⇀)Z(w2;B) ≃ ⇀gA(Y1, E1) + (1↑ ⇀)gA(Y2, E2) ≃ gA(Yω, Eω).

(4) Input free disposal If v→ ≃ v, any feasible input split for (v, Y, E) is a feasible input split for

(v→, Y, E).

(5) Downward comprehensiveness in output If 0 ⇒ Y
→ ⇒ Y then X(u) ≃ Y/A ≃ Y

→
/A, and

gA(Y →
, E) ⇒ gA(Y,E) ⇒ Z(w;B) because gA is nondecreasing in Y .

(6) Upward comprehensiveness in emissions If E→ ≃ E then gA(Y,E→) ⇒ gA(Y,E) ⇒ Z(w;B)

because gA is nonincreasing in E.

(7) Bounded output Any feasible input split satisfies u ⇒ v, so Y ⇒ AX(u) ⇒ AX(v) < ⇑.

(ii) Primitive plans satisfy the capacity constraints We first show every primitive point is

separable-feasible so the input allocation that generates it already meets both capacity constraints,

with no slack. Let (v, Y, E) ↓ Tprim(A,B) be generated by the input allocation (u,w). If X(u) = 0

then (Y,E) = (0, 0), and (u,w) satisfies the constraints in equation (25) because X(u) ≃ 0 and

Z(w;B) ≃ 0 = gA(0, 0). If X(u) > 0, output equals production capacity, so X(u) = Y/A and

the first constraint holds with equality. For the second, the primitive relation places the intensity

AE/Y = ↽(AZ(w;B)/Y ) in (e, e], the range of ↽. Inverting shows the firm’s abatement capacity

is exactly the requirement, Z(w;B) = gA(Y,E): on (e, e) because h = ↽
≃1 there, and at e because

↽ is strictly decreasing, so ↽(AZ(w;B)/Y ) = e = ↽(0) forces Z(w;B) = 0 = gA(Y,E). Both ca-

pacity constraints therefore hold with equality: a primitive firm uses exactly the capacity it builds.

Hence Tprim(A,B) ↗ Tsep(A,B), and every primitive point with positive output has intensity in

(e, e], the region on which the next step proves the converse.

Agreement where the primitive relation can hold Next we show that wherever the intensity is

one that the primitive relation can generate, a separable point is itself primitive. The argument

throttles slack capacity down to exact use. Let (v, Y, E) ↓ Tsep(A,B) with feasible input allocation

(u,w). At (Y,E) = (0, 0) the allocation (0, 0) generates (v, 0, 0) because X(0) = 0. For Y > 0 with

AE/Y ↓ (e, e], the allocation may carry slack: X(u) ≃ Y/A > 0 and Z(w;B) ≃ gA(Y,E) can hold

strictly. The maps t ↙⇔ X(tu) and s ↙⇔ Z(sw;B) are continuous on [0, 1] and rise from X(0) = 0

and Z(0;B) = 0 to X(u) and Z(w;B), so the intermediate value theorem delivers t
⇐
, s

⇐ ↓ [0, 1]

with X(t⇐u) = Y/A and Z(s⇐w;B) = gA(Y,E) exactly. The throttled allocation (t⇐u, s⇐w) leaves
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the remaining inputs idle, produces AX(t⇐u) = Y , is feasible because t
⇐
u + s

⇐
w ⇒ u + w ⇒ v,

and satisfies equation (23) because ↽(h(e)) = e for every e ↓ (e, e]. Hence (v, Y, E) ↓ Tprim(A,B):

capacity a firm does not use is the same as inputs it does not allocate.

Free-disposal completion Finally we establish the separable set is the primitive set plus emis-

sions padding, and nothing more. One direction is immediate: if (v, Y, E→) ↓ Tprim(A,B) and

E ≃ E
→, the inclusion above and upward comprehensiveness give (v, Y, E) ↓ Tsep(A,B). For the

other direction we match each separable point to a primitive point below it in emissions alone.

Let (v, Y, E) ↓ Tsep(A,B) with feasible input allocation (u,w). If Y > 0 with AE/Y ↓ (e, e], or

(Y,E) = (0, 0), take E→ = E: the point is primitive by the previous step. If Y > 0 with AE/Y > e,

take E
→ = e Y/A < E: the same allocation works for (v, Y, E→) because gA(Y,E→) = 0 ⇒ Z(w;B),

so (v, Y, E→) has intensity e and is primitive by the previous step. If Y = 0 < E, take E
→ = 0:

the allocation (0, 0) generates (v, 0, 0) ↓ Tprim(A,B). In every case (v, Y, E→) ↓ Tprim(A,B) with

E
→ ⇒ E, establishing the displayed identity in part (ii). ↭

Proposition 1 applied to Tsep(A,B) delivers a concave, upper-semicontinuous production func-

tion G(v,E;A,B), weakly increasing in emissions, under which cost-minimizing behavior is iden-

tical to that in the separable model. This allows estimation to proceed from observed inputs and

emissions without observing the split between production and abatement.

D Model Quantification Details

This appendix specifies the full demand system, then describes how we quantify the model and

solve the counterfactuals. We separate the objects recovered directly from firm-level data from

those calibrated using sectoral final demand and input-output data. The baseline data are written

without primes, counterfactual equilibrium objects carry primes, and hats denote relative changes

between the two. We express the model in normalized form because the CES parameters are not

unit-free. We express variables relative to their initial period values to anchor the production

function at each firm’s observed initial allocation.44

D.1 Demand

Demand has two CES nests. Within sector n, a competitive composite producer combines the

quantities Yint supplied by firms i ↓ In into the sector quantity Ynt. Let Pint denote firm i’s output

price, ⇁in its CES weight, εn the elasticity of substitution across firms, and Pnt the price of the

sector composite. The sector quantity aggregator and unit expenditure function are:

Ynt =


∑

i⇒In

⇁
1/εn
in

Y

ωn↑1
ωn

int

 ωn
ωn↑1

, Pnt =


∑

i⇒In

⇁inP
1≃εn
int

 1
1↑ωn

.

44See León-Ledesma et al. (2010) for an overview of why normalization is necessary for CES production.
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For a given quantity of the sector composite, cost minimization gives firm demand:

Yint = ⇁in Ynt

(
Pint

Pnt

)≃εn

.

The quantity Ynt includes both household demand and materials demand from downstream firms.

Households allocate final expenditure across sector composites in a second, across-sector CES

nest. Let QF
nt denote household final demand for sector n, QF

t the aggregate final demand quantity

index, θnt the sector weight, and ▷ the elasticity of substitution across sectors. The final demand

aggregator and the final demand price index are:

Q
F

t =


∑

n⇒N
θ
1/ϑ
nt

(QF

nt)
ε↑1
ε

 ε
ε↑1

, P
F

t =


∑

n⇒N
θntP

1≃ϑ

nt

 1
1↑ε

. (26)

Conditional on aggregate final demand, household demand for sector n is:

Q
F

nt = Q
F

t θnt

(
Pnt

P
F
t

)≃ϑ

.

Let s
R

i|n,t → Rint/Snt denote firm i’s revenue share within sector n, where Rint = PintYint and

Snt =


i⇒In Rint. Let s
F
nt → S

F
nt/S

F
t denote household final expenditure shares across sectors,

where S
F
nt = PntQ

F
nt and S

F
t =


n
S
F
nt.

D.2 Supply

We express the outer and inner nests of the firm production function in normalized form. The

outer nest is:

Yint = AintYin0


(1↑ ϑin)X

ϑn↑1
ϑn

int
+ ϑin

(
Bint

Eint

Ein0

)ϑn↑1
ϑn

 ϑn
ϑn↑1

, (27)

and the inner nest is:

Xint =


φK,in

(
Kint

Kin0

) ϖn↑1
ϖn

+ φL,in

(
Lint

Lin0

) ϖn↑1
ϖn

+ φM,in

(
Mint

Min0

) ϖn↑1
ϖn

 ϖn
ϖn↑1

.

The corresponding inner-unit cost is:

P
X

int =

φ
ϖn
K,in

(
Kin0P

K

int

)1≃ϖn
+ φ

ϖn
L,in

(
Lin0P

L

int

)1≃ϖn
+ φ

ϖn
M,in

(
Min0P

M

int

)1≃ϖn
 1

1↑ϖn
, (28)
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while marginal cost of output is:

MCint =


(1↑ ϑin)

ϱn(PX

int)
1≃ϱn + ϑ

ϱn
in

(
Ein0P

E
t

Bint

)1≃ϱn
 1

1↑ϑn 1

AintYin0
. (29)

D.3 Equilibrium Pricing and Revenue

Given CES demand across firms, firms set output prices as constant markups over marginal cost:

Pint =

(
εn

εn ↑ 1

)
MCint.

Within-sector revenue satisfies:

Rint = ⇁in

(
Pint

Pnt

)1≃εn

Snt,

where Snt is total sector sales, not household final expenditure. This distinction is exactly what

the input-output block introduces.

D.4 Quantification of Remaining Model Parameters

Demand weights and price normalizations We cannot separately identify firm demand

shifters ⇁in from firm productivity, so we normalize to equal within-sector CES weights:

⇁in = 1/Fn for all i ↓ In.

Given observed firm revenue Rint, gross sector revenue Snt, and aggregate gross revenue St →
n
Snt, sector and firm prices are recovered as:

Pint = Pnt


Rint/⇁in

Snt

 1
1↑ωn

where

Pnt =


Snt/◁n

St

 1
1↑ε

. (30)

Equation (30) is a normalization used only to recover a baseline price vector from observed gross

revenues; it does not pin down household expenditure shares. To recover a baseline sector price

vector from observed gross sector revenue, we choose the normalization weights ◁n = 1/N . Note

that these weights are not the household CES weights in equation (26). Gross sector sales and

household final demand di”er once materials demand is present, so ◁n and θnt are conceptually

distinct.
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Household CES demand implies:

θnt = s
F

nt

(
Pnt

P
F
t

)
ϑ≃1

,

which we normalize so that


n
θnt = 1 in each year.

Production function shares The production function share parameters are calibrated from

observed cost shares:

φK,in =
P

K

in0Kin0

P
L

in0Lin0 + P
K

in0Kin0 + P
M

in0Min0
,

φL,in =
P

L

in0Lin0

P
L

in0Lin0 + P
K

in0Kin0 + P
M

in0Min0
,

φM,in =
P

M

in0Min0

P
L

in0Lin0 + P
K

in0Kin0 + P
M

in0Min0
,

and

ϑin =
P

E

0 Ein0

P
L

in0Lin0 + P
K

in0Kin0 + P
M

in0Min0 + P
E

0 Ein0
.

Productive composite and clean technology Given the estimated inner nest elasticity εn,

we recover the composite unit cost PX

int
from equation (28) and measure the productive composite

quantity as non-emissions spending deflated by that unit cost, Xint = (CK

int
+ C

L

int
+ C

M

int
)/PX

int
,

so the composite spending ratio in equation (31) is observed spending. Clean technology is then

obtained by inverting the outer first-order condition:

Bint =


P

E
t /P

E

0

P
X

int
/P

X

in0

 
1↑ ϑin

ϑin

(PE
t Eint)/(PE

0 Ein0)

(PX

int
Xint)/(PX

in0Xin0)

 1
ϑn↑1

. (31)

Hicks-neutral productivity Combining the markup condition with equation (29), we invert to

recover the anchored Hicks-neutral scale term:

AintYin0 =
1

Pint

(
εn

εn ↑ 1

)
(1↑ ϑin)

ϱn(PX

int)
1≃ϱn + ϑ

ϱn
in

(
Ein0P

E
t

Bint

)1≃ϱn
 1

1↑ϑn

.

We do not need to separately identify Aint and Yin0.

Baseline cost shares and materials coe”cients The baseline inner nest cost shares are:

sK|X,int =
φ
ϖn
K,in

(Kin0P
K

int
)1≃ϖn

φ
ϖn
K,in

(Kin0P
K

int
)1≃ϖn + φ

ϖn
L,in

(Lin0P
L

int
)1≃ϖn + φ

ϖn
M,in

(Min0P
M

int
)1≃ϖn

,

A.44



sL|X,int =
φ
ϖn
L,in

(Lin0P
L

int
)1≃ϖn

φ
ϖn
K,in

(Kin0P
K

int
)1≃ϖn + φ

ϖn
L,in

(Lin0P
L

int
)1≃ϖn + φ

ϖn
M,in

(Min0P
M

int
)1≃ϖn

,

sM |X,int =
φ
ϖn
M,in

(Min0P
M

int
)1≃ϖn

φ
ϖn
K,in

(Kin0P
K

int
)1≃ϖn + φ

ϖn
L,in

(Lin0P
L

int
)1≃ϖn + φ

ϖn
M,in

(Min0P
M

int
)1≃ϖn

.

The corresponding outer nest cost shares are:

sX,int =
(1↑ ϑin)ϱn(PX

int
)1≃ϱn

(1↑ ϑin)ϱn(PX

int
)1≃ϱn + ϑ

ϱn
in
(Ein0P

E
t
/Bint)1≃ϱn

, sE,int = 1↑ sX,int.

Hence, firm i’s materials share in total variable cost is:

sM,int = sX,intsM |X,int.

Sector n’s materials expenditures per dollar of sales are:

0
M

nt =
εn ↑ 1

εn

∑

i⇒In

s
R

i|n,tsM,int. (32)

Input-output materials bundle The input-output block maps supplier sector materials into

the aggregate materials bundle used by a firm. We assign firms a Cobb-Douglas aggregator so that,

for a firm in user sector n:

Mint = 1
≃1
in



m⇒N

(
Mimnt

#mnt

)”mnt

,

with supplier-by-user IO coe!cients #mnt satisfying


m
#mnt = 1. We calibrate these weights

from Eurostat Supply-Use data. Let Umnt denote intermediate use expenditure by user sector n on

supplier sector m in year t. We set:

#mnt =
Umnt
k
Uknt

.

#mnt determines the composition of sector n’s materials bundle across supplier sectors. The total

materials spending per dollar of sector sales is governed separately by 0
M
nt . 1in is a firm-specific

materials productivity shifter that allows firms to have di”erent e”ective materials costs. The

corresponding sectoral materials price index and firm-specific materials price are:

P
M

nt =


m⇒N
(Pmt)

”mnt , P
M

int = 1inP
M

nt .

Input-output consistent baseline final demand Let sFt = (sF1t, . . . , s
F

Nt
)→ denote the sectoral

final demand shares in the Eurostat data and #t the Eurostat input-output allocation. Given the

materials coe!cients in equation (32), baseline gross sector sales satisfy:

St = SF

t +#t diag(ω
M

t )St. (33)
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The first term on the right-hand side is household final demand for each sector’s output. The

second term is materials demand from downstream sectors: diag(ωM
t )St gives each user sector’s

total materials purchases unt = 0
M
ntSnt, and #t allocates those purchases across supplier sectors.

The sector revenues come from the firm data while #t and sFt come from Eurostat, so no

final demand vector satisfies equation (33) exactly at both the observed revenues and the Eurostat

benchmarks. Aggregate final demand follows from the accounting identity S
F
t =


n
Snt ↑


n
unt.

We reconcile the two sources with an RAS adjustment on the flows #mntunt augmented with the

final demand column S
F
t s

F
nt. The RAS adjustment ensures that each supplier sector’s total sales

sum to its observed revenue and each user sector’s materials purchases sum to unt. Baseline gross

sector sales then satisfy equation (33) sector by sector at the observed revenues.

Firm-specific materials prices with common proportional changes Baseline materials

prices can di”er across firms within the same user sector, but all firms in that sector share the same

proportional change in materials prices under a counterfactual. Let baseline sectoral materials

prices satisfy:

P
M

nt =


m

P
”mnt
mt

, P
M

int = 1inP
M

nt ,

and define the counterfactual materials price hat:

PM

nt → P
M →
nt

P
M
nt

=


m

( Pmt)
”mnt , P

M →
int = P

M

int
PM

nt . (34)

D.5 Simulation of Counterfactuals

We solve the counterfactuals in relative terms. In our baseline model, capital and labor prices are

fixed, so PK

int
= PL

int
= 1, while the permit price shock PE

t is exogenous. The materials price PM
nt

will be endogenous. In the short run clean technology is fixed so Bint = 1. In the long run, the

change in clean technology is given by Bint = ( PE
t )ς̂

E
4,n , where ϖ̂E4,n is the sector’s estimated five-year

response from equation (21).

Given sector prices, firm inner unit cost hats are:

PX

int =

sK|X,int( PK

int)
1≃ϖn + sL|X,int( PL

int)
1≃ϖn + sM |X,int( PM

nt )
1≃ϖn

 1
1↑ϖn

, (35)

and outer unit cost hats are:

cint =



sX,int( PX

int)
1≃ϱn + sE,int


PE
t

Bint

1≃ϱn




1
1↑ϑn

. (36)

Marginal cost divides the bundle unit cost by Hicks-neutral productivity, which is predetermined

and held fixed in every counterfactual. With constant markups, Pint = cint. Sector price hats can
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be recovered by:

Pnt =


∑

i⇒In

s
R

i|n,t
P 1≃εn
int

 1
1↑ωn

. (37)

Counterfactual within-sector revenue shares are:

s
R→
i|n,t =

s
R

i|n,t
P 1≃εn
int


j⇒In s

R

j|n,t
P 1≃εn
jnt

, (38)

and counterfactual cost shares are:

s
→
K|X,int

= sK|X,int


PK

int

PX

int

1≃ϖn

s
→
L|X,int

= sL|X,int


PL

int

PX

int

1≃ϖn

s
→
M |X,int

= sM |X,int


PM
nt

PX

int

1≃ϖn

s
→
X,int = sX,int


PX

int

cint

1≃ϱn

s
→
E,int = sE,int


PE
t / Bint

cint

1≃ϱn

.

This implies counterfactual materials cost shares:

s
→
M,int = s

→
X,ints

→
M |X,int

.

Counterfactual sectoral materials expenditures per dollar of sales are:

0
M →
nt =

εn ↑ 1

εn

∑

i⇒In

s
R→
i|n,ts

→
M,int. (39)

On the demand side, the final demand price index hat is:

PF

t =


∑

n

s
F

nt( Pnt)
1≃ϑ

 1
1↑ε

, (40)

and the counterfactual final demand expenditure shares are:

s
F →
nt =

s
F
nt( Pnt)1≃ϑ


m
s
F
mt

( Pmt)1≃ϑ
, S

F →
nt = S

F

t s
F →
nt . (41)

Given ωM →
t and SF →

t , counterfactual gross sector sales are recovered from:

S→
t =

(
I ↑#t diag(ω

M →
t )

)≃1
SF →
t . (42)

Firm revenues and output are then:

R
→
int = s

R→
i|n,tS

→
nt, Y

→
int =

R
→
int

P
→
int

. (43)
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The outer nest first-order condition fixes the counterfactual input ratio:

X
→
int

E
→
int

=
Xint

Eint


PE
t

PX

int


ϱn

B1≃ϱn
int

,

and the production function in equation (27), evaluated at baseline inputs, pins down the input

levels consistent with Y
→
int

. In the Leontief limit ωn = 0 these reduce to E
→
int

= Eint(Y →
int

/Yint)/ Bint

and X
→
int

= Xint(Y →
int

/Yint). The inner nest then splits composite spending across inputs using

counterfactual cost shares:

K
→
int =

s
→
K|X,int

P
X→
int

X
→
int

P
K→
int

, L
→
int =

s
→
L|X,int

P
X→
int

X
→
int

P
L→
int

, M
→
int =

s
→
M |X,int

P
X→
int

X
→
int

P
M →
int

. (44)

D.5.1 Counterfactual Algorithm Steps

The counterfactual algorithm is therefore:

1. From the observed data, recover firm-side primitives (φK,in, φL,in, φM,in,ϑin, Bint, AintYin0)

and baseline prices (Pint, Pnt, P
X

int
, P

M

int
), and benchmark final demand shares s

F
nt, materials

coe!cients 0M
nt , and the input-output consistent baseline sector sales vector St.

2. Guess an initial vector of sector price hats P (0)
nt

= 1.

3. Iterate on the sector price fixed point: update materials price hats from equation (34), then

firm unit costs and prices from equations (35) and (36), and finally sector price hats from

equation (37) until convergence.

4. Update within-sector revenue shares and materials coe!cients using equations (38) and (39).

5. Update household final demand using equations (40) and (41).

6. Solve the Leontief system in equation (42) for counterfactual gross sector sales.

7. Recover firm revenues, outputs, and factor demands using equations (43) and (44).

D.5.2 Simulations Shutting Down Reallocation

The model makes it straightforward to shut down specific reallocation margins. Table 1, Appendix

Table A6, and Figure 7 use the restrictions below.

To eliminate within-sector reallocation, we freeze the baseline firm shares in the sectoral quantity

bundle: Y
→
int

= aintY
→
nt, where aint → Yint/Ynt. With frozen shares, the sector price is the price of

this fixed bundle:

P
→
nt =

∑

i⇒In

aintP
→
int,

which replaces the CES index in equation (37) everywhere sector prices enter the algorithm.
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To eliminate cross-sector reallocation, we freeze the baseline composition of household final

demand quantities. Table 1 and Appendix Table A6 hold nominal final spending fixed, as in the

algorithm above, so the frozen quantity mix is rescaled by a common factor that keeps final spending

at counterfactual prices equal to its baseline level:

Q
F →
nt = Q

F

nt

S
F
t

m⇒N P
→
mt

Q
F
mt

.

This allows the aggregate scale response to the price level (through final demand quantities) to

survive.

The emissions decomposition in Figure 7 imposes the same reallocation restrictions but fixes

real final demand in its intermediate steps. The two exhibits di”er only in whether nominal spend-

ing or real final demand is held fixed because they answer di”erent questions. The tables compare

outcomes with and without reallocation under a fixed household budget so final demand quantities

can adjust. The figure splits the e”ects up into more granular channels using a series of interme-

diate steps. Its intermediate steps exclude the aggregate response for each bar to isolate a single

margin. The steps with cross-sector reallocation shut down hold sectoral final demand quantities

exactly at baseline, QF →
nt = Q

F
nt, and the steps that switch cross-sector reallocation back on hold the

aggregate final demand quantity index fixed while the sectoral mix responds through CES demand,

Q
F →
nt = Q

F
nt( Pnt/

PF
t )≃ϑ. The final step relaxes fixed final demand quantities to fixed final demand

expenditures. The gap between these last two steps is the aggregate demand channel, and the bars

sum exactly to the same full model counterfactual reported in the tables with reallocation active.

D.6 Emissions Imputation for Non-ETS Firms

Verified emissions are observed only for firms linked to EU-ETS installations. For the non-ETS

firms that enter the full dataset used to quantify leakage to unregulated firms, we impute baseline

emissions intensities by matching each non-ETS firm-year to comparable ETS firm-years. For each

non-ETS firm-year we restrict potential matches to ETS firm-years with positive verified emissions

and a complete set of matching covariates. We then draw potential matches from the first pool that

contains at least k = 10 eligible ETS observations in the following hierarchy of donor pools: (1) the

same sector, country, and year; (2) the same sector and year, pooling across countries; and (3) the

same sector, pooling across countries and years. Every sector contains at least 453 potential ETS

firm-year observations, so each non-ETS firm-year with complete matching covariates and positive

real revenue receives a full set of k matches. The remaining non-ETS firm-years are assigned zero

imputed emissions. For each non-ETS firm-year observation, we compute the Mahalanobis distance

to potential ETS firm-year observation matches using one of four sets of matching variables: (1)

log capital, log labor, and log materials; (2) the capital, labor, and materials cost-to-revenue ratios;

(3) log revenue; or (4) all of these variables combined. We assign the recipient the equal-weight

arithmetic mean of the emissions intensities of the k nearest neighbor matches. Next, using the

output prices from the model baseline, we can convert the imputed non-ETS sales-based emissions
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intensity to a standard quantity emissions intensity of emissions divided by output.45 In the

counterfactuals, each unregulated firm’s emissions scale with its solved output at this fixed quantity

intensity, while regulated firms’ emissions respond through the model’s first-order conditions. As a

coarser alternative to nearest-neighbor matching, we also impute using the revenue-weighted mean

emissions intensity of ETS firms in the same country, sector, and year. Appendix Table A9 reports

leakage rates under all five imputation strategies.

E General Equilibrium Extension

This appendix extends the model to general equilibrium, in which aggregate quantities, rather than

prices, are exogenous. In this version of the model, there is fixed aggregate capital supply K̄t, fixed

aggregate labor supply L̄t, and an economy-wide emissions cap Ēt. The rental rate rt, permit price

2t, and household income It are endogenous and adjust to clear markets. Here we use 2t for the

permit price to distinguish it from the exogenous partial equilibrium price P
E
t . Throughout, N

denotes the set of sectors, and In denotes the set of firms in sector n. The model is identical to

that in the main text except that it adds endogenous household income and the market clearing

conditions for labor, capital, and emissions.

E.1 Income and Factor Market Equilibrium

The household owns the fixed labor and capital supplies, receives firm profits, and is paid the

permit revenue as a lump-sum transfer Tt. Aggregate firm profits %t are:

%t =
∑

n⇒N

(
1↑ µ

≃1
n

)
Snt.

With wt denoting the wage, household nominal income is:

It = wtL̄t + rtK̄t +%t + Tt.

The household spends all nominal income on the final demand bundle, so its budget constraint is:

P
F

t Q
F

t = It.

Let Kint, Lint, and Eint denote firm i’s capital, labor, and emissions. Aggregate labor and capital

demands must equal their fixed supplies:

∑

n⇒N

∑

i⇒In

Kint = K̄t,

∑

n⇒N

∑

i⇒In

Lint = L̄t.

45Using the original imputed sales-based intensities would be implicitly assuming that emissions are proportional to
sales for non-ETS firms so that price changes alone could change emissions. Converting to a quantity-based emissions
intensity generates a more intuitive proportionality to output.
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The emissions cap is implemented through a competitive permit market. Feasibility and comple-

mentary slackness require:

∑

n⇒N

∑

i⇒In

Eint ⇒ Ēt, 2t ≃ 0, 2t


∑

n⇒N

∑

i⇒In

Eint ↑ Ēt


= 0.

The government returns firms’ permit payments to the household:

Tt = 2t

∑

n⇒N

∑

i⇒In

Eint. (45)

When the cap binds, equation (45) simplifies to Tt = 2tĒt.

E.2 General Equilibrium Solution Algorithm Sketch

Counterfactuals can be solved in terms of counterfactual levels of variables relative to baseline

using exact hat algebra approaches. In the general equilibrium model, a counterfactual shocks the

aggregate supply of emissions through the cap, and clean technology shocks enter as in the partial

equilibrium counterfactuals. The baseline variables are the same as in Appendix D, except that

for general equilibrium we also need sector sales per dollar of household income and the division of

income across labor, capital, permit revenue, and profits. Both come from the baseline input-output

system and firm cost shares.

The general equilibrium solution algorithm nests the partial equilibrium sector price fixed point

inside an outer loop for the rental rate, the permit price, and household income, where the wage

is not solved for since it is the numeraire. Given guesses for the rental rate and permit price, the

inner step solves the same price fixed point as the partial equilibrium algorithm.

The outer step updates the aggregate variables at the converged prices. We update firm cost

shares, revenue shares, and household expenditure shares, and we solve the input-output system

for sector sales per dollar of income. These shares decompose household income into payments

to labor, capital, permits, and profits. The income identity and the capital and permit market

clearing conditions then deliver updated values of income, the rental rate, and the permit price.

This can then be repeated until convergence.

F Granular Instrumental Variable Construction

This appendix provides technical details on the granular instrumental variable (GIV) strategy used

to identify the inner nest elasticity of substitution εn in Section 4.1.1. The empirical challenge is

that wages are endogenous: local wages can comove with unobserved shocks that also a”ect firms’

input choices. We address this by constructing a GIV for local wages following Gabaix and Koijen

(2024). The GIV isolates wage variation driven by idiosyncratic labor demand shocks to other large

firms in the same local labor market, so these shocks act as residual labor supply shifters.
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We define labor markets at the NUTS3 region-year level. NUTS3 regions are broadly comparable

to U.S. counties. Let Irt denote the set of firms operating in region r at time t, and let Nrt → |Irt|
be the corresponding number of firms. We omit sector subscripts n except where necessary at the

end for the final regressions.

Let Lirt denote employment at firm i in region r at time t. Define firm employment shares

within a market as:

3irt →
Lirt

j⇒Irt Ljrt

where


i⇒Irt 3irt = 1. We use the following reduced form labor demand representation:

logLirt = ςL log P̃L

rt +Drt + ũirt (46)

where Drt is an aggregate labor demand shifter common to all firms in market (r, t), and ũirt is

an idiosyncratic firm-level labor demand shifter. In our nested CES model, firm labor demand

depends on additional objects (e.g., output scale and other factor prices). Equation (46) should

therefore be interpreted as a reduced form projection after absorbing these other components of

firm labor demand into Drt and ũirt.

Define uirt as the idiosyncratic shock to labor demand growth. In first di”erences we have that

labor demand growth is:

& logLirt = ςL& log P̃L

rt +&Drt + uirt. (47)

Labor supply is given by an upward-sloping reduced form relationship:

log P̃L

rt = 0 logLrt + 4rt

where Lrt →


i⇒Irt Lirt and where 4rt is a market-level labor supply shifter. Taking first di”erences

of labor supply yields:

& log P̃L

rt = 0& logLrt +&4rt. (48)

To a first order, log changes in total employment are a share-weighted average of firm-level log

changes:46

& logLrt =
∑

i⇒Irt

3ir,t≃1& logLirt. (49)

Substituting equation (47) into equation (49) yields aggregate labor demand growth:

& logLrt = ςL& log P̃L

rt +&Drt +
∑

i⇒Irt

3ir,t≃1 uirt. (50)

Next, combining equations (48) and (50) and solving for wage changes gives:

& log P̃L

rt =
0

1↑ 0ςL

∑

i⇒Irt

3ir,t≃1 uirt +
0

1↑ 0ςL
&Drt +

1

1↑ 0ςL
&4rt. (51)

46Note that this will not necessarily be true in levels.
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Equation (51) shows that market wages respond to a share-weighted sum of idiosyncratic firm labor

demand shocks, as well as regional demand and supply shocks. The equation shows that shocks to

large firms, those with substantial employment and high 3ir,t≃1, can generate sizable market-wide

wage movements.

Define the market-level granular shifter as the deviation of the share-weighted shock from the

equal-weighted shock following Gabaix and Koijen (2024):

Zrt →
∑

i⇒Irt

(
3ir,t≃1 ↑

1

Nrt

)
uirt =

∑

i⇒Irt

3ir,t≃1 uirt ↑ 1

Nrt

∑

i⇒Irt

uirt.

To construct the instrument, we need to recover a set of firm-year specific idiosyncratic labor

demand shocks. We do so using the residuals from a high-dimensional fixed e”ects regression

designed to remove common demand components and persistent firm di”erences from firm labor

demand:

& logLirt = ⇀3,i + ⇀3,rñt + uirt, (52)

where ⇀3,i are firm fixed e”ects and ⇀3,rñt are region-SIC 3 sector-year fixed e”ects. The latter

absorb market-level conditions, local sector-specific wage shocks, and other granular demand shocks.

We define ñ at the SIC 3 level, rather than using the 11 model sectors, to residualize employment

and wages with a much finer sectoral partition: the GIV panel contains 458 distinct SIC 3 sectors.

This ensures that the residual shocks used to construct the instrument are purged of local sector-

year variation at a substantially more granular level than the model sectors.

In addition to the instrument, we work to improve identification by using a measure of regional

wages instead of firm average wages. Firm-level average wages reflect local market conditions but

also firm-specific factors such as skill mix. To obtain a wage measure closer to the market wage

log P̃L
rt in our model, we extract a region-year wage component from firm wage data in two steps.

Let W
obs
irt

denote the observed firm wage. First, we residualize log firm wages on country-SIC 3

sector-year fixed e”ects:

logW obs
irt = ⇀4,cñt + e

w

irñt,

where ⇀4,cñt absorbs wage variation common to a country-SIC 3 sector-year cell, including national

sector-level wage trends. Second, we average the estimated residuals across all firms observed in a

region-year and use this average as the market wage:

logPL

rt →
1

Nrt

∑

i⇒Irt

ewirñt.

Averaging across the Nrt firms in a region-year removes idiosyncratic firm-level wage variation. The

country-sector-year fixed e”ects in the first step remove aggregate and sectoral wage movements,

leaving the regional labor-market component. When instrumenting for wages we use a leave-one-out

version to avoid mechanical correlation between the instrument and the firm’s own shock. In the

baseline we take a conservative approach and leave out all other firms in the same sector. Appendix
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A presents estimates under alternative strategies for constructing the instrument such as leaving

out only the firm’s own observation in the construction of that firm’s instrument, or using firm

wages instead of regional wages as the endogenous regressor.

Three assumptions are needed for identification of εn. The first is that the extracted shocks uirt
are idiosyncratic. Conditional on the fixed e”ects in equation (52), they are mean-independent of

the market-level demand and supply shifters &Drt and &4rt. The second is that the lagged shares

3ir,t≃1 are predetermined and uncorrelated with future idiosyncratic shocks conditional on the fixed

e”ects, so the weights themselves introduce no endogenous variation. The third is the standard

exclusion assumption. Conditional on the firm and country-year fixed e”ects in equation (18),

other firms’ idiosyncratic shocks are orthogonal to firm i’s factor demand shock 41,int and a”ect its

materials-labor ratio only through the regional wage.

G Input Substitution: An Electricity Market Case Study

In this appendix we investigate input substitution among the largest power-sector firms in our

sample. The power sector provides a useful case study because input substitution in the form of

fuel switching is directly observable in unit-level generation data. The case study therefore helps

develop intuition for the low emissions-composite elasticity of substitution that we estimate, which

implies that within-firm input substitution is a negligible channel for short-run emissions abatement

(Section 5.1.2).

For this case study we select the 10 largest power-sector firms by their 2015 EU-ETS verified

emissions.47 For each firm, we link physical plants by matching the firm’s parent name against

the ownership field of the 2018 WRI Global Power Plant Database within country.48 We then link

individual generation-unit data from the European Network of Transmission System Operators for

Electricity (ENTSO-E) Transparency Platform to WRI plants by string-matching plant and unit

names, and compute each unit’s annual capacity factor as ENTSO-E generation divided by WRI

nameplate capacity. The merged dataset allows us to observe firm output by fuel type from 2015

to 2021 for this set of 10 large firms.

The fuzzy nature of the merge required several data-processing decisions, and the resulting

dataset has some notable limitations. First, the WRI ownership field is missing for much of the ca-

pacity in some country-fuel combinations; for example, nearly all Italian hydro and French nuclear

capacity lacks ownership data. We address this by computing firms’ fuel shares over thermal ca-

pacity only (coal/lignite, gas, oil, biomass), where ownership coverage is better.49 Second, because

we match plants to firms using the parent group’s name, each firm’s matched fleet is measured

at the corporate-group level: it includes all plants owned by any subsidiary of the group—even

when the EU-ETS account belongs to a single branch.50 Third, the ENTSO-E unit-name match

472015 is the first year of our unit-level generation data.
48This direct ownership match is needed because many EU-ETS transaction log accounts identify only the instal-

lation, not the parent company.
49We report total matched capacity across all fuels only as context for scale.
50In addition, we count jointly owned plants the same as solo-owned plants when calculating each firm’s total
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fails for Czech units, whose identifiers are four-letter codes that do not align with any WRI name

field; ČEZ therefore appears in the fleet summary in Table A15 but has no capacity-factor series

in Figure A18. Fourth, the initial merge made the Spanish firm Endesa look like a gas-dominant

fleet, even though its reported emissions and the public record point to a coal-heavy one. We

identified a problem with the As Pontes site. WRI records only the combined-cycle gas unit added

there in 2008 and omits the original ∝1,400 MW coal plant, while ENTSO-E lists the coal units

under the name “P.G.RODR” (for Puentes de Garćıa Rodŕıguez), which string matching cannot

connect to “As Pontes.” We fix this by adding the coal plant to the WRI panel manually and

assigning its ENTSO-E units through a manual match table. Finally, the string match assigned

RWE Generation UK’s ∝1,600 MW Aberthaw B coal units to a nearby 51 MW gas turbine with

a similar name, so the implied coal capacity factor exceeded one. The same manual match table

corrects this. Table A15 summarizes the matched generation fleet used in the case-study evidence.

Figure A18 plots capacity factors by fuel for the matched case-study fleets over the post-2015

carbon price increase, and Table A16 summarizes the change in average capacity factors after 2018.

At the firms with sizable coal and gas fleets (Endesa, RWE Power, Uniper, and the UK operators),

coal capacity factors fall sharply after 2018 while gas capacity factors stay flat or decline outright.

The coal-dominant firms (PGE, TAURON, Vattenfall/LEAG) show much smaller declines: with

little or no gas capacity, they have no within-firm fuel to switch to. The one exception is Enel,

whose gas output rises roughly one-for-one with its coal decline after 2018. In 8 of the 9 firms

with matched generation data, then, we see no strong evidence of within-firm input substitution,

consistent with our near-zero emissions-composite elasticity of substitution. When carbon prices

rise, coal output falls, but it is replaced by generation from other producers at the system level

rather than by gas units within the same firm.

generation capacity.
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Figure A18: Capacity Factor by Fuel for Case-Study Fleets, 2015–2021

Notes: Each firm panel shows the capacity-weighted annual capacity factor for matched ENTSO-E units, by
fuel bucket. The label in each panel reports the firm’s largest matched coal and gas fleet over the sample. Panels
are ordered with dual-fuel fleets first. The top strip plots the contemporaneous EU-ETS annual carbon price
(USD/tCO2). The dashed vertical line marks the start of the 2018 price spike. See the text of this appendix
for matching details and known omissions (notably ČEZ, whose ENTSO-E unit names do not match the WRI
panel).
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Table A15: Largest EU-ETS Electricity Emitters by 2015 Verified Emissions

Firm Countries 2015 Mt CO2 Matched MW Dominant fuel Share

RWE Power DE 86.3 18,294 Coal 74%
Vattenfall / LEAG DE 65.3 17,222 Coal 76%
PGE GiEK PL 61.7 16,216 Coal 94%
Enel Produzione IT 37.5 19,358 Coal 38%
Endesa Generación ES 24.4 15,307 Coal 52%
RWE Generation UK GB 17.3 10,636 Gas 81%
EDF Energy UK GB 16.9 15,024 Coal 75%
TAURON Wytwarzanie PL 14.7 4,743 Coal 97%
ČEZ CZ 14.5 12,515 Coal 87%
Uniper Kraftwerke (DE) DE 13.7 8,486 Coal 74%

Notes: This table reports the 10 power firms with the largest 2015 verified CO2 emissions in the EU-ETS.
“Matched MW” is the consolidated parent-level capacity matched into the WRI Global Power Plant Database
via the matching procedure described in the text of this appendix. “Dominant fuel” and “Share” report the
largest single-fuel share of thermal (coal/lignite, gas, oil, biomass) capacity within the matched fleet. Hydro
and nuclear are excluded from the share denominator because WRI owner attribution for those fuel categories
is incomplete in several EU countries. See the text of this appendix for the full list of caveats, including the
under-matching of Italian hydro and the manual restoration of the As Pontes coal units.
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Table A16: Coal and Gas Capacity Factors Before and After the 2018 Carbon Price Increase

Coal/Lignite CF Gas CF

Firm 2015–17 2018–21 & 2015–17 2018–21 &

Endesa Generación 0.50 0.16 ↑0.34 0.27 0.27 0.00
RWE Power 0.75 0.56 ↑0.20 0.12 0.13 +0.01
Uniper Kraftwerke (DE) 0.45 0.26 ↑0.20 0.04 0.02 ↑0.02
RWE Generation UK 0.33 0.04 ↑0.29 0.48 0.30 ↑0.18
EDF Energy UK 0.19 0.12 ↑0.07 0.46 0.30 ↑0.16
Enel Produzione 0.39 0.18 ↑0.22 0.03 0.09 +0.06
Vattenfall / LEAG 0.61 0.55 ↑0.07 0.33 0.38 +0.04
PGE GiEK 0.55 0.51 ↑0.03 0.44 0.44 0.00
TAURON Wytwarzanie 0.33 0.26 ↑0.07 – – –

Notes: This table reports mean capacity-weighted annual capacity factors for matched ENTSO-E units over
2015–2017 and 2018–2021, by firm and fuel. Firms are ordered as in Figure A18. TAURON has no matched
gas units. ČEZ has no matched ENTSO-E units and is omitted.
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H Marginal Abatement Cost Derivations: Firm, Sector, and Econ-

omy

This appendix derives the marginal abatement cost (MAC) results shown in Sections 3.3 and 5.4.

We begin with a firm, then aggregate across firms within a sector, and then aggregate across

sectors. The aggregation follows the framework of Oberfield and Raval (2021), while accounting

for emissions-as-an-input, input-output pass-through of emissions price changes to the composite

price, and markup heterogeneity across sectors.

Throughout the derivation we focus on two distinct objects, the MAC and the price-emissions

schedule. The MAC is a cost concept. It is defined as the shadow cost of removing one more

unit of emissions while holding output fixed at the corresponding level of aggregation. For a single

firm, its own cost function defines its MAC directly. Since a firm’s cost-minimizing choices at a

given output are undistorted by the markup, the firm’s market behavior tells us this cost. At

higher levels of aggregation we need to introduce a least-cost planner’s problem. In these cases,

the cost of the marginal ton depends on how abatement is allocated across heterogeneous units.

The decentralized economy tells us how the permit price and equilibrium emissions move together

along the economy’s price-emissions schedule. This identifies the MAC only if the market allocates

abatement the way the planner would. If the market allocates abatement di”erently, it is because

of pre-existing distortions like markups. In this case, the market permit price would not reveal the

actual marginal cost of abatement. At each level of aggregation we therefore set up the planner

problem to define the MAC, derive the decentralized price-emissions schedule, and establish whether

the two coincide. At the firm level they coincide immediately because the firm’s first-order condition

sets its MAC equal to the permit price. Within a sector, the common markup across firms delivers

the planner’s allocation exactly. Across sectors, attainment fails because markups pass across

sectors and heterogeneous markups distort consumer behavior.

H.1 Firm-Level Marginal Abatement Costs

Consider firm i in sector n at time t. We derive two target expressions: the firm’s price-emissions

schedule d logEint/d logPE
t

∣∣
Yint,Bint

and its MAC elasticity d logMACint/d logEint|Yint,Bint
. The

second target is defined from the firm’s own emissions-constrained cost, with no planner involved.

For the production technology Fint, this cost is:

Kint(Yint, Eint;P
X

int) → min
Xint,E

→>0


P

X

intXint

∣∣ Yint ⇒ Fint(Xint, E
→), E

→ ⇒ Eint


.

The firm MAC is the cost of tightening its emissions constraint by one unit:

MACint(Yint, Eint;P
X

int) → ↑ϱKint(Yint, Eint;PX

int
)

ϱEint

.
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We now derive the components needed for both targets. The firm’s outer nest technology is:

Fint(Xint, Eint) → Aint


(1↑ ϑin)X

(ϱn≃1)/ϱn

int
+ ϑin(BintEint)

(ϱn≃1)/ϱn


ϱn/(ϱn≃1)

.

At fixed output, the firm chooses composite inputs and emissions to minimize expenditure:

Cint(Yint;PX

int, P
E

t ) → min
Xint,Eint>0


P

X

intXint + P
E

t Eint

∣∣ Yint ⇒ Fint(Xint, Eint)

.

The first-order conditions equate the input-price ratio to the ratio of marginal products:

P
E
t

P
X

int

=
ϑin

1↑ ϑin
B

(ϱn≃1)/ϱn

int

(
Eint

Xint

)≃1/ϱn

.

The corresponding emissions cost share is:

sE,int →
P

E
t Eint

P
E
t
Eint + P

X

int
Xint

↓ (0, 1).

Taking logs gives equation (5) in the main text:

log

(
Eint

Xint

)
= ωn log

(
ϑin

1↑ ϑin

)
↑ ωn log

(
P

E
t

P
X

int

)
+ (ωn ↑ 1) logBint. (53)

To derive the emissions-share response, write the input ratio as a function of cost shares and prices:

log

(
Eint

Xint

)
= log

(
sE,int

1↑ sE,int

)
↑ log

(
P

E
t

P
X

int

)
, (54)

and because d log[sE,int/(1↑ sE,int)] = dsE,int/[sE,int(1↑ sE,int)], equations (53) and (54) imply:

dsE,int

d log(PE
t
/P

X

int
)
= ↑(ωn ↑ 1)sE,int(1↑ sE,int). (55)

Next define the composite pass-through 5
X

int
, the pass-through of the permit price into the firm’s

composite input price through the input-output network:

5
X

int →
d logPX

int

d logPE
t

, 1↑ 5
X

int > 0.

Its complement 1↑ 5
X

int
is the relative price pass-through: the share of a permit price increase that

survives in the firm’s relative input price P
E
t /P

X

int
. The two pass-throughs sum to one, so what

passes into the composite price does not pass into the relative price. Shephard’s lemma, including

the input-output induced movement in P
X

int
, gives the cost response d log Cint/d logPE

t = sE,int +

(1↑sE,int)5Xint. At fixed output and technology, the expenditure identity Eint = sE,int Cint/PE
t then
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gives:
d logEint

d logPE
t

=
d log sE,int

d logPE
t

+
d log Cint
d logPE

t

↑ 1. (56)

Equation (55) and the chain rule give d log sE,int/d logPE
t = ↑(ωn↑1)(1↑sE,int)(1↑5

X

int
). Substitut-

ing the share and cost responses into equation (56) yields the first target, the firm’s emissions-price

elasticity:
d logEint

d logPE
t

∣∣∣∣
Yint,Bint

= ↑ωn(1↑ sE,int)(1↑ 5
X

int). (57)

Because Fint is increasing in emissions and P
X

int
> 0, the emissions constraint in Kint binds and

E
→ = Eint. The MAC is the shadow price of this constraint and tells us the additional composite-

input spending needed to hold output at Yint when the firm must emit one unit less.51 The

constrained and priced problems are connected by:

Cint(Yint;PX

int, P
E

t ) = min
Eint>0


Kint(Yint, Eint;P

X

int) + P
E

t Eint


,

so the priced firm chooses its own emissions constraint. The interior first-order condition is

MACint(Yint, Eint;PX

int
) = P

E
t : at every decentralized emissions choice, the shadow price of the con-

straint equals the permit price. Inverting equation (57) then gives the second target, the elasticity

of the MAC with respect to emissions:

d logMACint

d logEint

∣∣∣∣
Yint,Bint

= ↑ 1

ωn(1↑ sE,int)(1↑ 5
X

int
)
.

The elasticity is the inverse of the elasticity of substitution with two adjustments. The first is

adjusting it by the composite share of firm costs (1 ↑ sE,int). This is to handle how the MAC

elasticity is a level concept while the elasticity of substitution is a ratio concept. Economically, a

firm with high emissions cost share already has a limited ability to substitute toward the composite,

which gives it a steeper MAC. The second is adjusting for the input-output network. The relative

price pass-through (1↑ 5
X

int
) captures the firm’s exposure to higher materials and composite costs

through the input-output network. If the pass-through 5
X

int
is larger, less of the permit price change

survives in the firm’s relative input price, making substitution more di!cult and the MAC steeper.

51Output is held fixed because the MAC is a partial derivative at fixed Yint.
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H.1.1 A Closed Form Firm MAC

The elasticity above characterizes the local slope. We now derive the closed form MAC.52 Solving

the output constraint for Xint and then multiplying both sides by P
X

int
gives:

Kint(Yint, Eint;P
X

int) = P
X

int


(Yint/Aint)(ϱn≃1)/ϱn ↑ ϑin(BintEint)(ϱn≃1)/ϱn

1↑ ϑin


ϱn/(ϱn≃1)

. (58)

Di”erentiating equation (58) with respect to ↑Eint produces the closed form MAC:

MACint(Yint, Eint;P
X

int) = P
X

int

ϑin

1↑ ϑin
B

(ϱn≃1)/ϱn

int
E

≃1/ϱn

int

↘

(Yint/Aint)(ϱn≃1)/ϱn ↑ ϑin(BintEint)(ϱn≃1)/ϱn

1↑ ϑin

1/(ϱn≃1)

. (59)

Define the marginal cost of production MCint(Yint, Eint) → ϱKint(Yint, Eint;PX

int
)/ϱYint and the

output elasticity of emissions 6E,int → ϱ logFint/ϱ logEint. Di”erentiate equation (58) with respect

to Yint, and di”erentiate Fint with respect to Eint to get:

MACint(Yint, Eint;P
X

int) = MCint(Yint, Eint) 6E,int

Yint

Eint

, 6E,int = ϑin

(
AintBintEint

Yint

)(ϱn≃1)/ϱn

.

Notice that the firm first-order conditions, with ⇀int the multiplier on the output constraint, give:

P
X

int
= ⇀int ϱFint/ϱXint and P

E
t = ⇀int ϱFint/ϱEint. Constant returns gives:

ϱFint

ϱXint

Xint +
ϱFint

ϱEint

Eint = Yint,

so we have that the output elasticity is the emissions cost share:

sE,int =
P

E
t Eint

P
X

int
Xint + P

E
t
Eint

=
(ϱFint/ϱEint)Eint

Yint
= 6E,int.

The MAC, at the equilibrium firm choices, can then be written as the product of the firm marginal

cost, emissions cost share, and inverse emissions intensity:

MACint = MCint sE,int

Yint

Eint

.

52The closed forms below are valid on the admissible domain of emissions levels, where the numerator in the
constrained-cost expression below is strictly positive. The domain boundary is EX=0

int ⇐ Yint/[AintBintφ
ϑn/(ϑn↑1)
in ].

When ωn > 1, admissible emissions satisfy 0 < Eint < EX=0
int : at EX=0

int the firm could produce Yint with no composite
input, so there is no emissions-composite tradeo! and the MAC is zero. When 0 < ωn < 1, both inputs are essential,
EX=0

int is the minimum emissions requirement for output Yint, and admissible emissions satisfy Eint > EX=0
int .
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H.1.2 How Clean Technology A!ects the MAC

The closed form also shows how clean technology shifts the fixed-output MAC schedule. Di”eren-

tiate equation (59) with respect to logBint at fixed (Yint, Eint):

ϱ logMACint(Yint, Eint;PX

int
)

ϱ logBint

=
(ωn ↑ 1)(Yint/Aint)(ϱn≃1)/ϱn ↑ ωnϑin(BintEint)(ϱn≃1)/ϱn

ωn


(Yint/Aint)(ϱn≃1)/ϱn ↑ ϑin(BintEint)(ϱn≃1)/ϱn

 .

The denominator is positive on the admissible domain of emissions levels. When 0 < ωn < 1, the

empirically relevant range, the numerator is negative and cleaner technology shifts the fixed-output

MAC schedule downward at all Eint. When ωn > 1, the sign can reverse if ϑin(BintEint)(ϱn≃1)/ϱn

is small relative to (Yint/Aint)(ϱn≃1)/ϱn .

H.2 Sector-Level Marginal Abatement Costs

We next derive the sector aggregate. To define the sector MAC we pose the problem of a sector

planner who allocates output and emissions across firms at least cost. We show below that the

decentralized allocation attains the planner’s minimum, so the observed equilibrium lies on this

cost function and the MAC can be recovered from market outcomes.

H.2.1 A Sector Planner

Let Kint(Yint, Eint) be the firm emissions-constrained cost in equation (58). The sector planner’s

emissions-constrained cost minimization problem is:

Knt(Ȳnt, Ent) → min
{Yint,Eint}i

∑

i

Kint(Yint, Eint)

subject to Yn(Ynt) ≃ Ȳnt,

∑

i

Eint ⇒ Ent,

where Yn is the sectoral composite CES aggregator over firm outputs:

Yn(Ynt) →

∑

i

⇁
1/εn
in

Y
(εn≃1)/εn
int


εn/(εn≃1)

.

Both constraints bind because marginal cost and the firm MAC are positive, so the first-order

conditions give positive multipliers ⇀nt and 2nt satisfying:

ϱKint

ϱYint
= ⇀nt

ϱYn

ϱYint
, ↑ϱKint

ϱEint

= 2nt for every i.

The second condition equalizes firm MACs within a sector. The constrained envelope theorem gives

the sector MAC as the shadow value of the sector emissions constraint:

MACnt → ↑ϱKnt

ϱEnt

= 2nt. (60)
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With the split across firms already optimal, the shadow value 2nt is the cost of the sector’s last ton

at the input prices the sector faces, which is what gives the sector MAC the definition of a marginal

cost.

H.2.2 The Decentralized Allocation

As with the firm, we aim to derive expressions for the sector elasticity of substitution and the

fixed-output sector price-emissions schedule. Let Ent →


i
Eint denote sector emissions. Xnt and

P
X
nt are the sector composite quantity and price indexes, and we defer their construction until later.

The sector elasticity of substitution and price-emissions schedule are:

ω̄
exact
nt → ↑ d log(Ent/Xnt)

d log(PE
t
/P

X
nt
)

∣∣∣∣
Ȳnt

,
d logEnt

d logPE
t

∣∣∣∣
Ȳnt

.

Return to the case where firms purchase emissions permits at the permit price. To begin the

expenditure decomposition, define firm variable cost, its share of sector cost, its emissions cost

share, and the sector-wide emissions cost share:

V Cint → P
E

t Eint+P
X

intXint, wi|n,t →
V Cint
j
V Cjnt

, sE,int →
P

E
t Eint

V Cint

, ’nt →
∑

i

wi|n,tsE,int ↓ (0, 1).

Let V Cnt →


i
V Cint denote total sector variable cost. The definition of ’nt gives the emissions-

expenditure identity Ent = ’ntV Cnt/P
E
t , and log di”erentiation gives:

d logEnt =
d’nt

’nt

+ d log V Cnt ↑ d logPE

t .

The composite spending identity creates the need for the sector composite price indexes:

P
X

ntXnt →
∑

i

P
X

intXint = (1↑ ’nt)V Cnt.

Firm shares of sector composite spending are:

7
X

i|n,t →
wi|n,t(1↑ sE,int)

1↑ ’nt

=
P

X

int
Xint

j
P

X

jnt
Xjnt

.

These weights define the local Divisia price and quantity di”erentials:53

d logPX

nt →
∑

i

7
X

i|n,t d logP
X

int, d logXnt →
∑

i

7
X

i|n,t d logXint.

53We define the index in di!erentials rather than levels because the elasticity below is a local object and only log
changes of the aggregates enter the derivation. The share-weighted di!erentials are the unique local definition where
the price and quantity indexes sum to the change in actual sector composite spending, which is what lets total sector
cost cancel from the quantity ratio below.
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These share-weighted di”erentials are exactly what lets actual composite spending split locally into

price and quantity. Log di”erentiation of the composite spending identity therefore gives:

d logXnt = ↑ d’nt

1↑ ’nt

+ d log V Cnt ↑ d logPX

nt .

Subtracting this expression from the emissions di”erential cancels total sector cost from the quantity

ratio. Now define the sector composite pass-through 5
X
nt → d logPX

nt/d logP
E
t , so the relative price

response introduces the sector relative price pass-through 1↑ 5
X
nt. The resulting identities are:

d log
Ent

Xnt

=
d’nt

’nt(1↑ ’nt)
↑ d log

P
E
t

P
X
nt

, d log
P

E
t

P
X
nt

= (1↑ 5
X

nt) d logP
E

t . (61)

These identities show that the elasticity requires us to derive the share response d’nt and the relative

price pass-through 1↑ 5
X
nt, while the schedule also requires the total-cost response d log V Cnt.

The firm relative price pass-through 1 ↑ 5
X

int
> 0 measures the relative price change within a

firm:

1↑ 5
X

int =
d log(PE

t /P
X

int
)

d logPE
t

.

The higher the composite pass-through 5
X

int
, the smaller the relative price change. The sector

relative price pass-through 1 ↑ 5
X
nt in equation (61) inherits this structure. Dividing the Divisia

price di”erential d logPX
nt =


i
7
X

i|n,t d logP
X

int
by d logPE

t gives 5
X
nt =


i
7
X

i|n,t 5
X

int
, so the sector

relative price pass-through is the composite-weighted mean of its firm counterparts:

1↑ 5
X

nt =
∑

i

7
X

i|n,t(1↑ 5
X

int). (62)

Define firm unit cost as cint → V Cint/Yint. It equals MCint at the firm’s cost-minimizing allocation

under constant returns to scale, and determines both cost pass-through and the reallocation of

sector output. Shephard’s lemma gives its permit price response:

d log cint
d logPE

t

= sE,int + (1↑ sE,int)5
X

int = 1↑ (1↑ sE,int)(1↑ 5
X

int).

Unit cost responses di”er across firms through the composite share scaled by the relative price

pass-through, (1↑sE,int)(1↑ 5
X

int
). Its cost-weighted mean Rnt determines the sector cost response,

while its emissions share-weighted counterpart Hnt determines the within-firm contribution to the

sector emissions-share response:

Rnt →
∑

i

wi|n,t(1↑ sE,int)(1↑ 5
X

int), Hnt →
∑

i

wi|n,tsE,int(1↑ sE,int)(1↑ 5
X

int).

The firm share response supplies the within-firm component of d’nt. Equation (55) gives this
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response to the common permit-price change:

dsE,int

d logPE
t

= (1↑ ωn)sE,int(1↑ sE,int)(1↑ 5
X

int).

The reallocation component comes from CES demand across firms. Every firm in a sector sells

to the same sectoral composite producer and faces the same demand elasticity εn, so all firms

charge the common markup µn = εn/(εn ↑ 1). The firm’s price is Pint = µncint, and its share

of sector revenue equals its cost share wi|n,t. CES demand at fixed sector output then satisfies

d log Yint/d logPE
t = εn


(1↑ sE,int)(1↑ 5

X

int
)↑Rnt


. Di”erentiating V Cint = cintYint gives the

change in firm cost weights and the required total-cost response:

dwi|n,t

d logPE
t

= (εn ↑ 1)wi|n,t

(1↑ sE,int)(1↑ 5

X

int)↑Rnt


,

d log V Cnt

d logPE
t

= 1↑Rnt.

Combining the within-firm share response and the reallocation of cost weights gives the required sec-

tor emissions-share response. Di”erentiating ’nt =


i
wi|n,tsE,int and using Covw

(
sE,int, (1↑ sE,int)(1↑ 5

X

int
)
)
=

Hnt ↑ ’ntRnt gives:

d’nt

d logPE
t

= (1↑ωn)Hnt+(εn↑1)Covw
(
sE,int, (1↑ sE,int)(1↑ 5

X

int)
)
= εnHnt↑ωnHnt↑(εn↑1)’ntRnt.

(63)

Combining the share and total-cost responses with Ent = ’ntV Cnt/P
E
t gives the price-emissions

response and defines this weight:

d logEnt

d logPE
t

= ↑ [◁ntωn + (1↑ ◁nt)εn]Rnt,

where ◁nt → Hnt
#ntRnt

. To express the substitution weight ◁nt in observable sector objects, we introduce

two measures of heterogeneity. The dispersion index 8nt records heterogeneity in emissions cost

shares, while &X
nt records the covariance between these shares and firm relative price pass-throughs:

8nt →


i
wi|n,t(sE,int ↑ ’nt)2

’nt(1↑ ’nt)
, &X

nt →
CovφX (sE,int, 1↑ 5

X

int
)

’nt(1↑ 5
X
nt
)

. (64)

Because sE,int ↓ [0, 1] implies Ew[s2E,int
] ⇒ Ew[sE,int] = ’nt, the variance Ew[s2E,int

]↑’2
nt is at most

’nt(1↑’nt), so 0 ⇒ 8nt ⇒ 1. Expanding the variance and changing from cost weights to composite

weights gives the identities needed to write Hnt and ◁nt in these measures:

∑

i

wi|n,tsE,int(1↑ sE,int) = ’nt(1↑ ’nt)(1↑ 8nt),
∑

i

7
X

i|n,tsE,int = ’nt(1↑ 8nt).

We now express Rnt, Hnt, and ◁nt in these observables. The change of weights wi|n,t(1↑sE,int) =

(1 ↑ ’nt)7X

i|n,t turns the cost-weighted mean Rnt into a composite-weighted mean, and equation
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(62) evaluates it:

Rnt = (1↑ ’nt)
∑

i

7
X

i|n,t(1↑ 5
X

int) = (1↑ ’nt)(1↑ 5
X

nt).

The same change of weights applies to Hnt, and splitting the resulting composite-weighted mean

into its level and covariance parts with


i
7
X

i|n,tsE,int = ’nt(1↑ 8nt) gives:

Hnt = (1↑’nt)
∑

i

7
X

i|n,tsE,int(1↑5
X

int) = (1↑’nt)

’nt(1↑ 8nt)(1↑ 5

X

nt) + CovφX (sE,int, 1↑ 5
X

int)

.

Dividing Hnt by ’ntRnt and using the definition of &X
nt expresses the substitution weight:

◁nt =
Hnt

’ntRnt

= 1↑ 8nt +&X

nt.

Substituting the share response in equation (63) together with Hnt = ◁nt’ntRnt and Rnt =

(1↑ ’nt)(1↑ 5
X
nt) into the quantity-ratio identity, the first part of equation (61), gives:

d log(Ent/Xnt)

d logPE
t

=
(εn ↑ ωn)Hnt ↑ (εn ↑ 1)’ntRnt

’nt(1↑ ’nt)
↑ (1↑ 5

X

nt) = [(εn ↑ ωn)◁nt ↑ εn] (1↑ 5
X

nt).

This is the response of the elasticity’s quantity ratio. Dividing by the relative price response, the

second part of equation (61), and applying the minus sign in the definition of ω̄ exact
nt yields the

elasticity:

ω̄
exact
nt = ◁ntωn + (1↑ ◁nt)εn.

Substituting ◁nt = 1↑ 8nt +&X
nt and collecting terms gives:

ω̄
exact
nt = (1↑ 8nt +&X

nt)ωn + (8nt ↑&X

nt)εn = (1↑ 8nt)ωn + 8ntεn + (ωn ↑ εn)&
X

nt. (65)

As in the main text, the first term captures within-firm substitution and the second captures

reallocation across firms. &X
nt in the third term captures the covariance between emissions cost

shares and firm relative price pass-throughs. Firms with higher emissions cost shares are more

directly exposed to permit price shocks. Firms with higher relative price pass-throughs experience

larger changes in their relative input price and substitute more. When the two positively covary, the

largest relative price changes land on the firms holding the emissions, so there is more within-firm

substitution and the weight on ωn rises. Reallocation across firms instead responds to di”erences

in unit cost responses which move with (1 ↑ sE,int)(1 ↑ 5
X

int
). The same positive covariance evens

these out. The dirty firm’s large permit bill pairs with an una”ected composite input bill while the

clean firm’s small permit bill pairs with an exposed composite one. Unit cost responses converge

across dirty and clean firms, reallocation does less, and the weight on εn falls. In practice, however,

this third term is small.

Finally, holding Ȳnt and all technologies fixed, substituting equation (65) and Rnt = (1↑’nt)(1↑
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5
X
nt) into the price-emissions response gives the price-emissions schedule:

d logEnt

d logPE
t

∣∣∣∣
Ȳnt

= ↑ω̄
exact
nt (1↑ ’nt)(1↑ 5

X

nt). (66)

H.2.3 The Decentralized Allocation Attains the Planner’s Minimum

We now verify that the decentralized allocation satisfies the planner’s first-order conditions. With

respect to emissions, each firm’s problem is equivalent to Cint = minEint>0{Kint(Yint, Eint) +

P
E
t Eint}, with interior first-order condition:

↑ϱKint

ϱEint

= P
E

t for every i.

Because every firm faces the same permit price, these are the planner’s emissions conditions with

multiplier 2nt = P
E
t .

With respect to output, CES demand for firm varieties is Yint = ⇁in(Pint/Pnt)≃εnYn, where Pnt

is the CES price index. Inverting the demand curve and using ϱYn/ϱYint = (⇁inYn/Yint)1/εn gives:

Pint = Pnt

(
⇁inYn

Yint

)1/εn

= Pnt

ϱYn

ϱYint
.

Substituting the common-markup pricing rule Pint = µncint and cint = ϱKint/ϱYint, which holds

at the firm’s optimal emissions under constant returns, gives:

ϱKint

ϱYint
=

Pnt

µn

ϱYn

ϱYint
for every i,

the planner’s output conditions with multiplier ⇀nt = Pnt/µn. The common markup in our setting

is what delivers a single multiplier.

H.2.4 The Sector MAC Elasticity

Equation (60) identifies the permit price with the sector MAC, MACnt = 2nt = P
E
t . Inverting

equation (66) gives the elasticity of the sector MAC with respect to sector emissions:

d logMACnt

d logEnt

∣∣∣∣
Ȳnt

= ↑ 1

ω̄
exact
nt

(1↑ ’nt)(1↑ 5
X
nt
)
.

In the main text explanation we set the third term to zero, &X
nt = 0, so that equation (65)

becomes the convex combination in equation (11):

ω̄nt = (1↑ 8nt)ωn + 8ntεn.
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H.2.5 First-Order Clean-Technology Approximation of 8nt

We finally connect the cost-share dispersion in equation (64) to the clean-technology dispersion

recovered in Appendix D. The normalized production function of Appendix D implies that a firm’s

emissions cost share can be written as:

1

sE,int

= 1 +

(
1↑ ϑin

ϑin

)
ϱn

(
P

X

int

P
E
t

)1≃ϱn (
Bint

Ein0

)1≃ϱn

. (67)

Here Ein0 is firm i’s initial year emissions, the normalization point of the production function. This

expression makes clear that clean technology is one source of cross-firm variation in emissions cost

shares.

Fix a sector-year and let logBnt →


i
wi|n,t logBint. Holding the other terms in equation (67)

at their expansion values, the log-odds derivative is dsE,int/d logBint = (ωn ↑ 1)sE,int(1 ↑ sE,int).

A first-order expansion around logBnt, with the share at the expansion point equal to ’nt to first

order, gives:

sE,int ↑ ’nt ∝ ’nt(1↑ ’nt)(ωn ↑ 1)
(
logBint ↑ logBnt

)
. (68)

The weighted average of the linearization equals ’nt because the log deviations average to zero.

Squaring equation (68), averaging with the cost weights wi|n,t, and dividing by ’nt(1 ↑ ’nt)

yields:

8nt ∝ (ωn ↑ 1)2’nt(1↑ ’nt)Var
s

i (logBint),

where Varsi (logBint) →


i
wi|n,t

(
logBint ↑ logBnt

)2
is the cost-weighted variance of log clean

technology across firms. The approximation omits higher-order terms and cross-firm variation in

P
X

int
, ϑin, and Ein0.

H.3 Economy-Wide Marginal Abatement Costs

Finally, we aggregate across sectors. At the economy level, gross production serves both households

and downstream producers. Economy-wide abatement cost is necessarily a resource cost and not

simply firm expenditures. The resources used up are capital and labor, whether firms devote

them to producing output or to abating emissions. We call these resources primary resources.

Why do we need to make this distinction? Materials are not primary resources because they are

produced within the economy, so their capital and labor content is already counted upstream where

it originates, and permit payments are not resource costs because they are transfers. Summing gross

composite spending across sectors would count the same primary factors once at the producer and

again inside every downstream materials bill.

To simplify notation we work in embodied units, attributing to each sector’s final demand the

emissions and primary resources embodied in its full supply chain. We use the vertically integrated

sector representation of the input-output economy following Pasinetti (1973). The emissions side

follows the environmentally extended input-output accounting of Leontief (1970). The cost side

assigns each unit of final demand the direct and indirect factor payments along its supply chain
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similarly to the trade in value added literature (Johnson and Noguera, 2012). In vertically integrated

units, final demand is paired with the primary resources and emissions generated along its full

supply chain. The accounting literature supplies the embodied attribution in levels. As at the

sector level, three objects organize the derivation: the planner MAC MACt → ↑ϱKt/ϱĒt, defined

from an emissions-constrained planner problem; the decentralized price-emissions schedule, the

equilibrium response d logED
t /d logPE

t ; and the economy-wide elasticity of substitution ω̄t, which

converts the planner’s schedule into the MAC elasticity. We first state the planner problem to

define the MAC. Then we build the embodied accounts, derive the decentralized schedule, and

ask whether the schedule measures the planner MAC. We will see that it does not because firms

impose heterogeneous markups that distort the economy-wide decentralized allocation away from

the economy-wide planner’s minimum. We then derive the MAC itself by pricing the planner

through an augmented expenditure function, so the MAC follows from duality. We also show how

the gap between the schedule and the MAC is governed by measurable quantities.

H.3.1 An Economy-Wide Planner

Let zt collect outputs, primary inputs, emissions, intermediate quantities, and final deliveries, and

let Zt(QF
t ) be the set of allocations that satisfy every firm and sector technology and goods-market

clearing when household final demand is given byQF
t . LetRt(zt) denote the primary resource cost of

labor and capital and let Et(zt) denote total emissions. Households aggregate sectoral final demands

with the across-sector CES aggregator in equation (26), F(QF
t ) → (


n⇒N θ

1/ϑ
nt

(QF
nt)

(ϑ≃1)/ϑ)ϑ/(ϑ≃1).

The economy-wide MAC is defined by the emissions-constrained planner problem which delivers

aggregate final demand at least primary-resource cost, subject to a cap on total emissions. The

emissions-constrained resource cost is:

Kt(Q̄
F

t , Ēt) → min
QF

t ,zt


Rt(zt) : F(QF

t ) ≃ Q̄
F

t , zt ↓ Zt(Q
F

t ), Et(zt) ⇒ Ēt


. (69)

Before proceeding we need to make a set of standard regularity assumptions:

1. Production sets are closed, convex, and constant returns to scale.

2. Primary factor prices are strictly positive.

3. The cost share input-output system has spectral radius strictly less than one.

4. The cap can be strictly undershot: some feasible allocation delivers Q̄F
t with emissions strictly

below Ēt.

Both constraints bind at the minimum because delivering final demand requires resources, and

emissions are productive. The first-order conditions then give positive multipliers, ⇀t on aggregate

final demand and 2t on the cap. Writing mc
R
nt for the marginal primary-resource cost of delivering

one more unit of final delivery n at the cap:

mc
R

nt = ⇀t

ϱF
ϱQ

F
nt

for every n, ↑ϱKint

ϱEint

= 2t for every i. (70)
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The first condition allocates final demand so that deliveries trade at their relative marginal resource

costs. The second equalizes the marginal resource cost of abatement across every firm in the

economy and sets it to 2t. The constrained envelope theorem then gives the MAC as the shadow

value of the cap:

MACt → ↑ϱKt

ϱĒt

= 2t. (71)

As at the sector level, the shadow value 2t is the resource cost of the economy’s last ton.

H.3.2 Embodied Accounts

The rest of the derivation prices the decentralized allocation in embodied units. We call sector

n’s delivery to households final good n. Each final good carries its entire vertically integrated

supply chain, which allows the algebra to follow similarly to the sector level. To construct these

accounts, begin with the input-output network. Firms charge sector markups µn and buy permits

at the market price P
E
t . Let Snt = PntYnt denote gross sector sales, and let Mnt denote sector n’s

materials quantity with price index P
M
nt . Its materials share of gross sales is 0M,D

nt
= P

M
nt Mnt/Snt,

and ωM,D

t
collects these shares across sectors. Let #mnt be the share of sector n’s materials spending

supplied by sector m, and let #t collect these shares. The cost-share network matrices record how

materials purchases transmit costs and emissions across sectors:

AD

mnt → #mnt0
M,D

nt
, AD

t → #t diag(ω
M,D

t
), LD

t → (I ↑AD

t )
≃1

,

where LD

t exists by the spectral radius assumption. Let c
F
nt be the unit cost of supplying final

demand, so V C
F
nt = c

F
ntQ

F
nt is the cost of final deliveries before the final good’s markup and V C

F
t =


n
V C

F
nt is the total cost of satisfying final demand. Collect the markups in the diagonal matrix

Dµ = diag(µ), and let SD
t and V CF

t collect gross sector sales and final-delivery costs across sectors.

Gross sales satisfy:

SD

t = LD

t DµV CF

t .

The direct emissions share of gross sales is 0E,D

nt
= P

E
t Ent/Snt, and ωE,D

t
collects these shares

across sectors. The sales-based share εS
t then attributes emissions to a dollar of gross sales, while

$̃t gives embodied emissions per dollar of final delivery cost (before the final good’s markup):

εS

t → (LD

t )
→ωE,D

t
, $̃t → Dµε

S

t . (72)

Permit payments can be written as:

P
E

t E
D

t = $̃→
tV CF

t . (73)

Vertical integration provides a convenient accounting reading of this price system. The matrix LD

t

maps final expenditure into the gross sales generated throughout each final good’s supply chain,

while (LD

t )
→ωE,D

t
attributes direct and indirect emissions to final deliveries. This is analogous
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to embodied factor-content and value-added accounting (Davis and Caldeira, 2010; Johnson and

Noguera, 2012).

H.3.3 The Decentralized Allocation

As with the firm and sector levels, the two target expressions are the economy-wide elasticity of

substitution and the decentralized price-emissions schedule. Let ED
t denote total emissions in the

decentralized allocation. Equation (73) prices these emissions as a share of final-delivery cost. The

aggregate embodied emissions cost share is:

’t →
P

E
t E

D
t

V C
F
t

. (74)

A tilde distinguishes an embodied object from its direct counterpart at the firm or sector level. The

final-good shares collected in $̃t carry one because ’nt already denotes the sector’s direct emissions

cost share, while the aggregate share ’t has no direct counterpart and carries none. The embodied

composite X̃t is the economy-wide counterpart of the firm’s composite input Xint. It is the result

of collapsing each final delivery’s supply chain into a single vertically integrated producer, and

aggregating the total bundle of capital, labor, and accumulated profits that producer uses alongside

emissions. P̃
X
t is its price index, so its value is the non-emissions share of sales for final demand:

P̃
X
t X̃t → (1↑ ’t)V C

F
t .

The elasticity of substitution and price-emissions schedule are:

ω̄
exact
t → ↑ d log(ED

t /X̃t)

d log(PE
t
/P̃

X
t
)

∣∣∣∣∣
Q̄

F
t

,
d logED

t

d logPE
t

.

The definition of ’t in equation (74) gives the emissions-expenditure identity P
E
t E

D
t = ’tV C

F
t .

Log di”erentiation gives:

d logED

t =
d’t

’t

+ d log V C
F

t ↑ d logPE

t . (75)

Log di”erentiating the embodied composite’s value identity splits the change in its spending into

price and quantity:

d log X̃t = ↑ d’t

1↑ ’t

+ d log V C
F

t ↑ d log P̃X

t . (76)

Subtracting equation (76) from equation (75) cancels total final-delivery cost from the quan-

tity ratio, and the relative price response carries the aggregate composite pass-through 5
X
t →

d log P̃X
t /d logPE

t . The expenditure identities become:

d log
E

D
t

X̃t

=
d’t

’t(1↑ ’t)
↑ d log

P
E
t

P̃
X
t

, d log
P

E
t

P̃
X
t

= (1↑ 5
X

t )d logPE

t . (77)

The first identity delivers the elasticity once the aggregate responses d’t and 5
X
t are known. The
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schedule is the emissions di”erential in equation (75): dividing it by d logPE
t gives d logED

t /d logPE
t =

(d’t/d logPE
t )/’t + d log V C

F
t /d logP

E
t ↑ 1. Both expressions therefore rest on the same aggre-

gate responses built from final-good responses. Disaggregating with equation (73), ’tV C
F
t =


n
’̃ntV C

F
nt, expresses the schedule in those final-good responses:

d logED
t

d logPE
t

= ↑1 +
1

P
E
t
E

D
t

∑

n


V C

F

nt

d’̃nt

d logPE
t

+ ’̃nt

dV C
F
nt

d logPE
t


. (78)

The sum requires the embodied share responses d$̃t/d logPE
t and the household spending responses

dV C
F
nt/d logP

E
t ; the final-good cost responses d log cFnt/d logP

E
t and the residual pass-throughs 5̃Xnt

they define deliver 5Xt ; and d’t is assembled from all of them. We derive each in turn.

Embodied emissions per dollar of sales are the sector’s own direct share plus the embodied

content of its materials purchases, which is a fixed point in embodied emissions per dollar of sales.

The shares in equation (72) solve this relation εS
t = ωE,D

t
+ (AD

t )
→εS

t . Di”erentiating this yields:

dεS

t = dωE,D

t
+ (dAD

t )
→εS

t + (AD

t )
→
dεS

t .

Collecting the dεS
t terms and solving the linear system with (I ↑ (AD

t )
→)≃1 = (LD

t )
→, then scaling

by the fixed markups $̃t = DµεS
t , gives the embodied share response needed in equation (78):

d$̃t

d logPE
t

= Dµ(LD

t )
→


dωE,D

t

d logPE
t

+

(
dAD

t

d logPE
t

)→

εS

t


. (79)

The response of the cost of final deliveries follows from Shephard’s lemma. The log response

of sector n’s unit cost is a cost share-weighted sum of its input price responses. The shares must

be on a cost basis, and sales are marked-up variable cost, Snt = µnV Cnt, so the cost shares of

emissions and materials are the sales shares scaled by the markup, µn0
E,D

nt
and µn0

M,D

nt
.54 The

emissions price rises one for one with P
E
t . The Cobb-Douglas materials bundle price rises by the

expenditure-weighted mean of supplier price responses,


m
#mnt d logPmt/d logPE

t , and with fixed

markups supplier prices move one for one with supplier costs, d logPmt = d log cFmt. Capital and

labor prices are fixed and contribute nothing. For each sector we then have d log cFnt/d logP
E
t =

µn0
E,D

nt
+ µn0

M,D

nt


m
#mnt d log cFmt/d logP

E
t . Each sector’s response depends on its suppliers’

responses, a fixed point that can be expressed in stacked form:

d log cFt
d logPE

t

=
(
I ↑Dµ(AD

t )
→)≃1

Dµω
E,D

t
. (80)

The cost response in equation (80) and the embodied share ’̃nt are two di”erent numbers built from

the same accounts. Under marginal cost pricing they coincide: setting Dµ = I in equation (80)

54Within a sector all firms charge the common markup µn, so firm revenue weights equal cost weights and the
sector unit cost response is the cost-weighted mean of firm responses. Sector shares are then the corresponding
cost-weighted firm means.
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reproduces the fixed point that defines εS
t , so the permit price passes into delivery costs exactly

through embodied permit payments. With markups the cost response is strictly larger, because

the markup scales every link of the cost fixed point but enters the embodied accounts only at the

final sale.55 We label the gap between the two as a residual pass-through 5̃
X
nt implicitly defined by:

d log cFnt
d logPE

t

= ’̃nt + (1↑ ’̃nt)5̃
X

nt. (81)

Equation (81) defines 5̃
X
nt only residually. It is the part of the cost response not accounted for by

embodied permit payments, expressed per unit of the non-emissions share so that the decomposition

mirrors the firm-level response d log cint/d logPE
t = sE,int + (1 ↑ sE,int)5Xint. It is easy to see that

then 1 ↑ d log cFnt/d logP
E
t = (1 ↑ ’̃nt)(1 ↑ 5̃

X
nt), so the relative price change driving substitution

takes the same form as at the firm and sector levels. Although 5̃
X
nt is only a residual, the pricing

regime pins down its value. Under the planner’s marginal cost pricing, the cost response equals

the embodied share and 5̃
X
nt = 0. With the decentralized equilibrium’s markups, the cost response

exceeds the embodied share and 5̃
X
nt > 0.

Household demand determines how final spending reallocates across final goods. Households

buy at consumer prices Pnt = µnc
F
nt and face fixed markups so that d logPnt = d log cFnt. Their ex-

penditure shares are the cost weights wn|t → V C
F
nt/V C

F
t tilted by heterogeneous sectoral markups.

These shares are w
H

n|t → µnwn|t/µ̄t where µ̄t →


m
wm|tµm. Let P

H
t denote the household CES

price index over consumer prices. Shephard’s lemma gives us that its log response is the expenditure

share-weighted mean of the price responses: d logPH
t /d logPE

t =


m
w

H

m|t d log c
F
mt/d logP

E
t . CES

demand for final good n is Q
F
nt = θnt(Pnt/P

H
t )≃ϑ

Q̄
F
t and its log response is d logQF

nt/d logP
E
t =

↑▷(d log cFnt/d logP
E
t ↑ d logPH

t /d logPE
t ). Spending on final good n combines the cost and quan-

tity responses d log V C
F
nt = d log cFnt + d logQF

nt. We can write the responses in level terms as:

dQ
F
nt

d logPE
t

= ↑▷Q
F

nt

(
d log cFnt
d logPE

t

↑ d logPH
t

d logPE
t

)
,

dV C
F
nt

d logPE
t

= V C
F

nt


(1↑ ▷)

d log cFnt
d logPE

t

+ ▷
d logPH

t

d logPE
t


.

(82)

The household price index response di”ers from the cost-weighted mean pass-through, and the

gap is a covariance. Substituting w
H

n|t = µnwn|t/µ̄t into the definition of d logPH
t /d logPE

t splits

the price index response into two parts:

d logPH
t

d logPE
t

=
1

µ̄t

∑

n

wn|tµn

d log cFnt
d logPE

t

=
∑

n

wn|t
d log cFnt
d logPE

t

+
1

µ̄t

Covw

(
µn,

d log cFnt
d logPE

t

)
. (83)

The first term is the cost-weighted mean pass-through. This is the response households would

perceive if they were charged marginal cost prices. The second term appears because households

face markups and weight final goods by expenditure. When high-markup goods also have high

pass-through, the household price index rises by more than the cost-weighted mean. This is how

55For example, with a single sector buying materials from itself, d log cFt /d logP
E
t = µϱE,D

t /(1 → µϱM,D
t ) while

%̃t = µϱE,D
t /(1→ ϱM,D

t ). The two coincide at µ = 1, and the cost response is larger for µ > 1.
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markups distort household behavior and it becomes the markup correction below.

Final good n’s embodied permit payments are ’̃nt per dollar of delivery cost. Emissions em-

bodied in one unit of final delivery can then be written as ẽnt = ’̃ntc
F
nt/P

E
t . Log di”erentiation

gives the within-good response, the decline in embodied emissions per unit of final delivery:

↑ d log ẽnt
d logPE

t

= 1↑ d log cFnt
d logPE

t

↑ d log ’̃nt

d logPE
t

. (84)

Equation (73) and equation (74) imply ’t =


n
wn|t’̃nt, so the aggregate embodied share is

the cost-weighted mean of final good embodied shares. We now construct the aggregate residual

pass-through 1 ↑ 5
X
t . Subtracting equation (81) from one factors each final good’s relative price

decline:

1↑ d log cFnt
d logPE

t

= 1↑ ’̃nt ↑ (1↑ ’̃nt)5̃
X

nt = (1↑ ’̃nt)(1↑ 5̃
X

nt). (85)

Let p̄t →


n
wn|t d log c

F
nt/d logP

E
t denote the cost-weighted mean pass-through, so the cost-

weighted mean of these declines is 1 ↑ p̄t. Applying equation (81) at the aggregate level, p̄t =

’t + (1↑ ’t)5Xt , defines 5Xt . In product form:

(1↑ ’t)(1↑ 5
X

t ) →
∑

n

wn|t(1↑ ’̃nt)(1↑ 5̃
X

nt). (86)

The right side is the cost-weighted mean decline in final-good relative prices, the analogue of Rnt

in the sector derivation.

Next define the emissions share-weighted counterpart of the same declines, the analogue of Hnt,

and the emissions share-weighted mean of the within-good responses in equation (84):

Ht →
∑

n

wn|t’̃nt(1↑ ’̃nt)(1↑ 5̃
X

nt), Hϱ,t →
∑

n

wn|t’̃nt

(
↑ d log ẽnt
d logPE

t

)
.

Hϱ,t has no sector analogue. At the sector level every firm’s within response was its relative price

decline scaled by the common technology elasticity ωn, so the within contribution to the sector

emissions response was simply ωnHnt. Economy-wide, the final goods share no common within

elasticity, so the weighted response Hϱ,t replaces ωnHnt. Their ratio defines the average within-

good elasticity, and Ht plays its sector role through ◁t:

ω̄
N,D

t
→ Hϱ,t

Ht

, ◁t →
Ht

’t(1↑ ’t)(1↑ 5
X
t
)
.

As at the sector level, share dispersion and the covariance between embodied shares and residual

pass-through determine ◁t. With composite-cost weights 7
X

n|t → wn|t(1 ↑ ’̃nt)/(1 ↑ ’t), define the

dispersion index 8t and pass-through correction &X
t :

8t →
Varw(’̃nt)

’t(1↑ ’t)
, &X

t → CovφX (’̃nt, 1↑ 5̃
X
nt)

’t(1↑ 5
X
t
)

.
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These let us express ◁t as:

◁t = 1↑ 8t +&X

t .

The within-good elasticity ω̄
N,D

t
is computed from the share responses in equation (79) and so

includes the upstream recomposition of the input-output network.

Now di”erentiate ’t =


n
wn|t’̃nt. The weights respond only to relative cost changes. Each

weight is the ratio wn|t = V C
F
nt/V C

F
t . The spending responses in equation (82) give d log V C

F
nt/d logP

E
t =

(1↑▷) d log cFnt/d logP
E
t +▷ d logPH

t /d logPE
t , and their cost-weighted sum gives d log V C

F
t /d logP

E
t =

(1↑▷)p̄t+▷ d logPH
t /d logPE

t . Subtracting the two, the common household index response cancels

from the ratio:

d logwn|t

d logPE
t

=
d log V C

F
nt

d logPE
t

↑ d log V C
F
t

d logPE
t

= (1↑ ▷)

(
d log cFnt
d logPE

t

↑ p̄t

)
.

Only a final good’s cost response relative to the mean reallocates spending, so:

d’t

d logPE
t

=
∑

n

wn|t’̃nt

d log ’̃nt

d logPE
t

+ (1↑ ▷) Covw

(
’̃nt,

d log cFnt
d logPE

t

)
. (87)

Two identities express these pieces in the objects just defined. Equation (85) rewrites Ht as


n
wn|t’̃nt(1↑d log cFnt/d logP

E
t ), and equation (84) rewrites Hϱ,t as the same sum net of the share

responses; their di”erence gives the first identity below. Expanding the covariance as


n
wn|t’̃nt d log cFnt/d logP

E
t ↑

’tp̄t, the first term equals ’t↑Ht by the same rewriting, and substituting p̄t = 1↑ (1↑’t)(1↑ 5
X
t )

from equation (86) gives the second:

∑

n

wn|t’̃nt

d log ’̃nt

d logPE
t

= Ht ↑Hϱ,t, Covw

(
’̃nt,

d log cFnt
d logPE

t

)
= ’t(1↑ ’t)(1↑ 5

X

t )↑Ht. (88)

Substituting the spending responses in equation (82) into equation (78) and collecting terms

with equations (88) and (83) gives the emissions response:

d logED
t

d logPE
t

= ↑

◁tω̄

N,D

t
+ (1↑ ◁t)▷


(1↑ ’t)(1↑ 5

X

t ) + ▷

Covw

µn,

d log cFnt

d logPE
t

)

µ̄t

. (89)

The bracketed terms are the analogue of ◁ntωn + (1↑ ◁nt)εn at the sector level. The covariance is

the economy-wide household-weight wedge in equation (83).

Substituting the aggregate share response in equation (87) and the covariance identity in equa-

tion (88) into the quantity-ratio identity, the first part of equation (77), and dividing by the relative

price identity in its second part, gives the exact elasticity decomposition:

ω̄
exact
t = ◁tω̄

N,D

t
+ (1↑ ◁t)▷. (90)

This is the analogue of the sector result ω̄ exact
nt = ◁ntωn + (1↑ ◁nt)εn.
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Finally, normalize the household-weight covariance by the aggregate relative price pass-through

to define the markup correction:

&µ

t
→

Covw

µn,

d log cFnt

d logPE
t

)

(
n
wn|tµn

)
(1↑ ’t)(1↑ 5

X
t
)
. (91)

Substituting equations (90) and (91) into equation (89) gives the exact decentralized schedule:

d logED
t

d logPE
t

= ↑
(
ω̄

exact
t ↑ ▷&µ

t

)
(1↑ ’t)(1↑ 5

X

t ). (92)

H.3.4 The Decentralized Allocation Does Not Attain the Planner’s Minimum

Equation (92) is the inverse slope of the decentralized permit-price schedule. We now show that it is

not the slope of the planner MAC because the decentralized allocation does not attain the minimum

in equation (69). At the planner’s minimum, the first-order conditions in equation (70) require (1)

every firm’s marginal abatement to cost primary resources with value 2t, and (2) household demand

to trade final goods at their relative marginal resource costs mc
R
nt.

Consider the emissions condition in equation (70) first. Each firm equalizes its private MAC to

P
E
t at the market prices it faces. A dollar of marginal abatement in the decentralized equilibrium

buys inputs at marked-up prices. These markups are a transfer of profit along the supply chain

rather than a payment for resources or for permits valued at 2t. The profit content of that dollar

di”ers across firms because embodied markup content di”ers across supply chains. Equalizing

private MACs at P
E
t thus fails the emissions condition in two ways: (1) it does not equalize

marginal resource costs across firms, and (2) it does not set their level to 2t. The level failure (2)

remains even with common markups while the cross-firm failure (1) requires heterogeneity.

Markups also make final good costs rise by more than their embodied permit payments. The

residual pass-throughs in equation (81) capture this. Under marginal cost pricing every 5̃
X
nt is

zero and delivery costs respond only through embodied permit payments. At the decentralized

equilibrium allocation, 5̃Xnt is positive because marked-up input bills carry profit (the level failure

(2)), and the residual pass-throughs di”er across final goods because supply chains accumulate

di”erent markups (the cross-firm failure (1)).

Finally consider the final demand condition. In a decentralized equilibrium, households equate

marginal rates of substitution to consumer prices µnc
F
nt. These are proportional to the marginal

resource costs only if the vector of markups in all sectors leads to common changes in consumer

prices across final goods. With heterogeneous markups this will not happen. The markup correction

&µ

t
in equation (91) is the measured violation. The gap between the schedule and the planner MAC

can be decomposed into 5̃
X
nt and &µ

t
. The level of 5̃Xnt scales the schedule by 1↑5

X
t , and the dispersion

in 5̃
X
nt separates ◁t from 1↑ 8t.

The failure is specific to the economy-wide problem. A markup distorts the level of output

rather than the input mix that delivers it. Shephard’s lemma still applies at the firm’s own choices,
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and a markup common to every firm in a sector cancels from the relative prices inside the sector

problem. Marked-up input prices do accumulate inside P
M
nt . The di”erence at the firm and sector

levels is that they are genuine costs to those buyers, so the firm and sector envelope arguments

go through at the prices actually faced. The economy-wide planner prices primary resources, and

markups di”er across the choices inside its problem.

This failure is an instance of a general finding for aggregation in distorted economies. Hulten

(1978) shows that at an e!cient allocation, induced reallocation has no first-order e”ect so the

aggregate impact of sectoral shocks is summarized by sales weights. With cross-sector markup

wedges, induced reallocations can instead matter at first order (Baqaee and Farhi, 2020). The

markup correction &µ

t
here is the model-specific analogue of this e”ect. It is a covariance be-

tween markups and permit price pass-through that separates the price-emissions schedule from the

planner’s MAC.

H.3.5 The Economy-Wide MAC Elasticity

Because the decentralized allocation does not attain the planner’s minimum, we compute the MAC

elasticity d logMACt/d logEt|Q̄F
t
from the planner problem directly. To derive the MAC we hand

the planner a price instead of a cap. The augmented expenditure function is the least combined

primary-resource and permit cost of delivering aggregate final demand when every ton of emissions

costs 2t:

Gt(Q̄
F

t , 2t) → min
QF

t ,zt


Rt(zt) + 2tEt(zt) : F(QF

t ) ≃ Q̄
F

t , zt ↓ Zt(Q
F

t )

.

The priced problem is the tool that delivers the derivative of Kt in equation (71).

The envelope theorem gives us that the derivative of Gt with respect to the emissions price is

the minimizer’s emissions:

G↼,t(Q̄
F

t , 2t) = E
↽

t (Q̄
F

t , 2t). (93)

Now return to the capped problem. Under a cap, the planner selects the same allocation as when

facing a price: the emissions the priced planner chooses at 2t define a cap, Ēt = G↼,t(Q̄F
t , 2t), and

the shadow price of that cap is 2t. By equation (71), the permit price the planner would post to

induce the cap is exactly the resource cost of the last ton. Equation (93) is therefore the planner’s

price-emissions schedule. Wherever the schedule is strictly decreasing, the MAC curve is its local

inverse, so the MAC slope is the reciprocal of the schedule’s elasticity. We now derive this schedule.

The input-output network Every aggregate from here on is evaluated at the planner’s allo-

cation, where goods are priced at marginal cost and emissions at 2t. We reuse the symbols of the

decentralized accounts with that understanding. Here V C
F
nt = PntQ

F
nt is the value of final deliver-

ies to households, the embodied variable cost of delivery n at marginal cost prices, and the direct

emissions and materials shares are:

0
E

nt →
2tEnt

Snt

, 0
M

nt →
P

M
nt Mnt

Snt

.
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Define the marginal cost counterparts of the network matrices:

Amnt → #mnt0
M

nt , At → #t diag(ω
M

t ), Lt → (I ↑At)
≃1

.

When the spectral radius of At is strictly less than one, goods market clearing is:

St = V CF

t +AtSt, St = LtV CF

t . (94)

Notice that total emissions satisfy:

2tEt = (ωE

t )
→St = (ωE

t )
→LtV CF

t . (95)

The pass-through of the permit price into sector n’s price is the log derivative d logPnt/d log 2t.

Shephard’s lemma gives that the log response of a sector’s unit cost to the permit price is a cost

share-weighted sum of its input price responses. Emissions have cost share 0
E
nt and their price

rises one for one with 2t. Materials have cost share 0
M
nt and their Cobb-Douglas bundle price rises

by the expenditure-weighted mean of supplier pass-throughs:


m
#mnt d logPmt/d log 2t. Capital

and labor prices are fixed and so contribute nothing. Sector by sector we then have that the pass-

through can be written as: d logPnt/d log 2t = 0
E
nt + 0

M
nt


m
#mnt d logPmt/d log 2t. Each sector’s

pass-through depends on its suppliers’ pass-throughs, a fixed point that the Leontief inverse solves

by summing the whole chain:

d logPt

d log 2t
= ωE

t +A→
t

d logPt

d log 2t
= L→

tω
E

t . (96)

Under the planner’s marginal cost pricing, a final good’s permit price pass-through d logPnt/d log 2t

is just its embodied emissions cost share. Combining equations (95) and (96), total permit payments

are pass-through-weighted final spending, 2tEt = (d logPt/d log 2t)→V CF
t .

Next, di”erentiate equation (94):

dSt = Lt


dV CF

t + (dAt)St


, (97)

and di”erentiate equation (95), substituting equation (97) for dSt and (ωE
t )

→Lt = (d logPt/d log 2t)→

from equation (96):

dEt = ↑Et d log 2t +
1

2t


(dωE

t )
→St +

(
d logPt

d log 2t

)→
dV CF

t +

(
d logPt

d log 2t

)→
(dAt)St


. (98)

With fixed Cobb-Douglas expenditure shares:

dAt = #t diag(dω
M

t ).

The first term in equation (98) is the mechanical e”ect of the higher price at unchanged spending.
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Inside the brackets are three e”ects. The first term is the change in direct emissions intensities at

given sales, the second is the reallocation of final demand across final goods, and the third is the

recomposition of the input-output network.

The economy-wide elasticity of substitution and MAC elasticity The planner’s emissions

response is d logEt/d log 2t|Q̄F
t
= ↑ω̄t(1↑ ’t). Inverting this response delivers the MAC elasticity.

We build the response from the di”erentials above and then express the elasticity of substitution

ω̄t in terms of observables.

Let V C
F
t =


n
V C

F
nt = Gt(Q̄F

t , 2t) denote total final spending, and let wn|t = V C
F
nt/V C

F
t be

the sectoral cost and final spending weights. Define the economy-wide embodied emissions share

by:

’t →
2tEt

V C
F
t

=
∑

n

wn|t
d logPnt

d log 2t
.

The second equality divides the pass-through-weighted spending identity 2tEt = (d logPt/d log 2t)→V CF
t ,

from equations (95) and (96), by total final spending. At fixed aggregate final demand, household

CES demand gives:

dQ
F
nt

d log 2t
= ↑▷Q

F

nt

(
d logPnt

d log 2t
↑ ’t

)
,

dV C
F
nt

d log 2t
= V C

F

nt


(1↑ ▷)

d logPnt

d log 2t
+ ▷’t


. (99)

Substituting equation (99) into the middle term of equation (98) gives (d logPt/d log 2t)→dV CF
t =


’2
t + (1↑ ▷)Varw(d logPnt/d log 2t)


V C

F
t d log 2t. Dividing by 2tEt = ’tV C

F
t and collecting terms

gives:

↑d logEt

d log 2t
= (1↑ ’t) + (▷ ↑ 1)

Varw

d logPnt
d log ↼t

)

’t

↑


dωE

t
d log ↼t

)→
St +


d logPt
d log ↼t

)→
dAt

d log ↼t
St

2tEt

. (100)

Next we define the economy-wide 8t and ω̄t. The economy-wide composite in the elasticity is in

embodied terms so materials net out. The composite is then just the economy’s capital and labor,

with value equal to the non-emissions share of final spending: P̃X
t X̃t = (1↑’t)V C

F
t . Since primary

factor prices are fixed, the embodied composite price index P̃
X
t is fixed as well. This gives us that

the relative price 2t/P̃
X
t moves one for one with 2t and changes in composite spending are entirely

quantity changes, d log X̃t = d log[(1↑ ’t)V C
F
t ]. 8t and ω̄t are defined as:

8t →
Varw


d logPnt
d log ↼t

)

’t(1↑ ’t)
, ω̄t → ↑ d log(Et/X̃t)

d log(2t/P̃X
t
)

∣∣∣∣∣
Q̄

F
t

.

The expenditure identities 2tEt = ’tV C
F
t and P̃

X
t X̃t = (1↑’t)V C

F
t give d log(Et/X̃t) = d’t/[’t(1↑

’t)] ↑ d log 2t. Equation (93) with V C
F
t = Gt gives d log V C

F
t /d log 2t = 2tEt/V C

F
t = ’t, so
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d logEt/d log 2t = (d’t/d log 2t)/’t ↑ (1↑ ’t). Combining the two:

d logEt

d log 2t

∣∣∣∣
Q̄

F
t

= ↑ω̄t(1↑ ’t). (101)

Substituting equation (101) into equation (100) and dividing by 1↑’t gives the exact economy-wide

elasticity:

ω̄t = 1 + (▷ ↑ 1)8t ↑


dωE

t
d log ↼t

)→
St

2tEt(1↑ ’t)
↑


d logPt
d log ↼t

)→
#t diag


dωM

t
d log ↼t

)
St

2tEt(1↑ ’t)
. (102)

The last term in equation (102) captures input-output network recomposition. Notice we can

rewrite it as:

↑


d logPt
d log ↼t

)→
#t diag


dωM

t
d log ↼t

)
St

2tEt(1↑ ’t)
= ↑


n
Snt

d⇀
M
nt

d log ↼t
d logPM

nt
d log ↼t

2tEt(1↑ ’t)
,

where d logPM
nt /d log 2t =


m
#mnt d logPmt/d log 2t is the pass-through of the emissions price into

n’s materials bundle, the log derivative of its Cobb-Douglas materials price index.56 As the permit

price rises, each sector adjusts its materials spending per dollar of sales. By equation (96) the

pass-through into its materials bundle is also the embodied emissions cost share of that spending.

When sectors cut materials spending where embodied content is high, the input-output network

recomposes toward cleaner supply chains.

Next we re-express dωE
t

d log ↼t
in equation (102) recalling that we can write 0

E
nt = 2t(Ent/Ynt)/Pnt.

For sector n, let ’G
nt →


i
wi|n,t sE,int and 1 ↑ 5

X,G

nt
→


i
7
X

i|n,t(1 ↑ 5
X

int
) denote the cost-weighted

mean of firm emissions cost shares and the composite-cost-weighted mean of firm relative price pass-

throughs from equation (62). The intensity response of sector n is just the sector result in equation

(66): ↑d log(Ent/Ynt)
d log ↼t

|Ynt = ω̄
exact
nt (1↑’G

nt)(1↑ 5
X,G

nt
). Under the planner’s marginal cost pricing, the

sector pass-through satisfies 1↑ d logPnt/d log 2t = (1↑’G
nt)(1↑ 5

X,G

nt
). 57 The log response is then

1 from the permit price, minus the intensity response, minus the price response: d log0E
nt/d log 2t =

1 ↑ ω̄
exact
nt (1 ↑ d logPnt/d log 2t) ↑ d logPnt/d log 2t. Collecting the 1 ↑ d logPnt/d log 2t terms and

multiplying by 0
E
nt gives:

d0
E
nt

d log 2t
= 0

E

nt

(
1↑ d logPnt

d log 2t

)(
1↑ ω̄

exact
nt

)
. (103)

Substituting equation (103) into equation (102) and using 0
E
ntSnt = 2tEnt gives us:

ω̄t = 1 + (▷ ↑ 1)8t +


n

Ent
Et

(
ω̄

exact
nt ↑ 1

) 
1↑ d logPnt

d log ↼t

)

1↑ ’t

↑


n
Snt

d⇀
M
nt

d log ↼t
d logPM

nt
d log ↼t

2tEt(1↑ ’t)
. (104)

The materials share derivative can also be re-expressed. Let sM |X,int be firm i’s materials share

56This di!ers from ↽Xint which captured pass-through into the productive composite.
57Each firm’s unit cost satisfies d log cint/d log ⇀t = sE,int + (1→ sE,int)↽

X
int by Shephard’s lemma. Under marginal

cost pricing the sector price index aggregates these with revenue weights equal to cost weights wi|n,t, and the composite

cost weights behind ↽X,G
nt make the aggregation factor exactly d logPnt/d log ⇀t = %G

nt + (1→ %G
nt)↽

X,G
nt .
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within the inner X nest and sM,int = (1↑ sE,int)sM |X,int its materials share of variable cost. Under

the planner’s marginal cost pricing, the sector materials share of sales 0M
nt =


i
wi|n,tsM,int is the

cost-weighted mean of the firm shares. We build its derivative in three steps.

First, the firm materials share. Since sM,int = (1 ↑ sE,int)sM |X,int, its log response splits

into: d log sM,int = d log(1 ↑ sE,int) + d log sM |X,int. Within the inner production nest, sM |X,int ′
(PM

nt /P
X

int
)1≃ϖn , so d log sM |X,int/d log 2t = (1 ↑ εn)(d logPM

nt /d log 2t ↑ 5
X

int
) and materials become

more expensive relative to the composite by d logPM
nt /d log 2t ↑ 5

X

int
, and the share responds with

sign 1 ↑ εn. In the outer nest, equation (55) with the chain rule d log(2t/PX

int
)/d log 2t = 1 ↑ 5

X

int

gives dsE,int/d log 2t = (1↑ ωn)sE,int(1↑ sE,int)(1↑ 5
X

int
), and dividing by ↑(1↑ sE,int) turns this

into d log(1↑ sE,int)/d log 2t = ↑(1↑ωn)sE,int(1↑ 5
X

int
). Adding the two responses and multiplying

by sM,int:

dsM,int

d log 2t
= sM,int


(1↑ εn)

(
d logPM

nt

d log 2t
↑ 5

X

int

)
↑ (1↑ ωn)sE,int(1↑ 5

X

int)


.

Second, the cost share weight. Under marginal cost pricing cost shares are revenue shares, and

within-sector CES demand gives wi|n,t = ⇁in(Pint/Pnt)1≃εn . Taking logs and di”erentiating:

dwi|n,t
d log 2t

= (1↑ εn)wi|n,t

(
d logPint

d log 2t
↑ d logPnt

d log 2t

)
. (105)

Third, combine the two. Di”erentiating 0
M
nt =


i
wi|n,tsM,int yields:

d0
M
nt

d log 2t
=

∑

i

wi|n,t
dsM,int

d log 2t
+
∑

i

sM,int

dwi|n,t
d log 2t

.

Substituting equation (105) into the second sum and using that the sector price index aggre-

gates firm prices with the same weights, d logPnt/d log 2t =


i
wi|n,t d logPint/d log 2t gives us

that the sum is a covariance:


i
sM,int(1 ↑ εn)wi|n,t(d logPint/d log 2t ↑ d logPnt/d log 2t) = (1 ↑

εn) Covw(sM,int, d logPint/d log 2t). Therefore:

d0
M
nt

d log 2t
=

∑

i

wi|n,t
dsM,int

d log 2t
+ (1↑ εn) Covw

(
sM,int,

d logPint

d log 2t

)
.

This closes the elasticity: every derivative in equation (104) is now expressed in measured shares

and the pass-throughs from equation (96).

The remaining step is to represent the elasticity in the same form as the main text’s equation

(13) with within and across components. We re-express equation (102) in that form in three steps:

(1) define each final good’s within response, (2) compute it from the network, and (3) average across

final goods. First, by Shephard’s lemma, the emissions embodied in one unit of final delivery n are:

ẽnt =
ϱPnt

ϱ2t
=

Pnt

2t

d logPnt

d log 2t
. (106)
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The log response of ẽnt is d log ẽnt/d log 2t = d logPnt/d log 2t ↑ 1 + d log(d logPnt/d log 2t)/d log 2t,

so the within-good decline requires the response of the pass-through itself. Second, di”erentiating

equation (96) gives that response:

d

d log 2t

(
d logPt

d log 2t

)
= L→

t


dωE

t

d log 2t
+

dA→
t

d log 2t

d logPt

d log 2t


. (107)

Third, define the within-good elasticity as the average of the final-good responses ↑d log ẽnt/d log 2t,

weighted by d logPnt
d log ↼t


1↑ d logPnt

d log ↼t

)
:

ω̄
N

t → ↑


n
wn|t

d logPnt

d log 2t

d log ẽnt
d log 2t


n
wn|t

d logPnt

d log 2t

(
1↑ d logPnt

d log 2t

) .

Substituting equations (106) and (107) into the numerator and using Ltwt = St/V C
F
t from equa-

tion (94) gives:

ω̄
N

t = 1↑


dωE

t
d log ↼t

)→
St +


d logPt
d log ↼t

)→
dAt

d log ↼t
St

2tEt(1↑ ’t)(1↑ 8t)
. (108)

The weights in the denominator sum to ’t(1↑’t)↑Varw

d logPnt
d log ↼t

)
= ’t(1↑’t)(1↑8t). Multiplying

equation (108) by 1↑ 8t and adding 8t▷ then reproduces the right side of equation (102), so:

ω̄t = (1↑ 8t)ω̄
N

t + 8t▷. (109)

Equation (109) is the convex combination reported in the main text as equation (13). The weights

di”er from their sector-level counterparts, where the corresponding coe!cient is ◁nt = 1↑8nt+&X
nt.

The pass-through correction&X
nt arises at the sector level because a firm’s emissions cost share sE,int

and its relative price pass-through 1↑5
X

int
are distinct characteristics that vary independently across

firms. Economy-wide, the analogous second characteristic is the residual pass-through of a final

good’s delivery cost beyond its embodied emissions share. Under marginal cost pricing the non-

emissions component of embodied cost is capital and labor at fixed prices, so the pass-through

d logPnt/d log 2t equals the embodied share exactly and the residual is zero for every final good.

The covariance determining the pass-through correction is zero while the dispersion of the shares

themselves survives as 8t. It does appear in the decentralized schedule above because markups

separate embodied shares from pass-through.

Inverting equation (101), the MAC slope is:

d logMACt

d logEt

∣∣∣∣
Q̄

F
t

= ↑ 1

ω̄t(1↑ ’t)
. (110)

Under marginal cost pricing, Dµ = I and 5̃
X
nt = 0, so &µ

t
= 0 and the decentralized system reduces

to equations (101) and (110). This is the competitive implementation of the planner.
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Figure A19: The Economy-Wide Planner MAC and the Decentralized Schedule

Notes: This figure plots the economy-wide planner MAC curve against the decentralized price-emissions sched-
ule, each constructed as the baseline-revenue-weighted geometric mean of year-specific curves across 2005–2021.
Aggregate household final demand is held fixed along each curve, and gross production follows from the input-
output network. The red dashed line traces emissions against the permit price in the decentralized equilibrium
under observed markups. The blue solid line traces the same economy under marginal cost pricing with un-
changed demand elasticities, the competitive implementation whose price-emissions schedule coincides with the
planner MAC.

H.3.6 The Decentralized Versus Planner MAC

We compare the entire planner MAC curve with the decentralized schedule by solving the model

twice, under observed markups and under marginal cost pricing, with unchanged demand elas-

ticities. Using the same revenue weighting as the main text, we find the competitive allocation

emits 37% more at the observed permit price. The primary reason is that markups distort the cost

of intermediate inputs. When they are removed, intermediate use and gross production expand.

Greater production then carries more emissions. Figure A19 plots the two traced curves. The

planner MAC lies above the decentralized schedule at every common emissions level: reaching a

given level of emissions costs, on the margin, 79–135% more in resources than the decentralized

permit price suggests. Note that the partial equilibrium structure plays a role in the gap. Capi-

tal and labor prices are fixed and factor supplies are unconstrained. Removing markups expands

intermediate use and shifts factor demand without an o”setting factor price response.

I Microfoundation for the Clean Technology Local Projection

This appendix provides more context around an investment rule and its connection to the local

projection specification used in Section 3.4. Moreover, this section discusses how our approach

connects to the literature on directed technical change. Throughout the section, we take the

approach of utilizing a reduced-form investment rule rather than formulating and solving a full
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dynamic investment problem. Our approach amounts to taking a first-order approximation to

a general dynamic investment policy function. We supplement this approximation with three

additional assumptions: (i) the firm’s forecasts of future prices are linear in current log prices;

(ii) investments in clean technology require “time-to-build” that delays their impact by a single

(annual) period, so that the investments chosen at date t ↑ 1 only become available at date t;

and (iii) there is no depreciation of the clean technology stock, φB = 0. Taken together, these

assumptions support both the local projection estimating equation and the interpretation of its

estimates as the impulse response of clean technology to a change in the carbon price.

I.1 Law of Motion with Time-to-Build Lag and No Depreciation

Let I
B

in,t≃1 denote firm i’s investment in clean technology undertaken at date t ↑ 1. Under the

“time-to-build” assumption, this investment becomes productive one period later. So, the law of

motion for the level of clean technology, Bint, is:

Bint = Bin,t≃1 + I
B

in,t≃1.

Defining 5
B

in,t≃1 → I
B

in,t≃1/Bin,t≃1 as the clean technology investment rate in period t↑ 1 allows us

to characterize the law of motion for the log level of clean technology as logBint = logBin,t≃1 +

log(1 + 5
B

in,t≃1). Linearizing log(1 + 5) around a sector-level steady-state investment rate 5̄n gives:

logBint ∝ logBin,t≃1 + cn + 9n 5
B

in,t≃1, (111)

where 9n = 1/(1 + 5̄n) and cn = log(1 + 5̄n) ↑ 5̄n/(1 + 5̄n) are linearization constants and firm-

level heterogeneity in steady-state investment rates is absorbed into the firm-specific intercepts

introduced below. The main text law of motion in equation (14) is equation (111) with cn+9n5
B

in,t≃1

relabeled as the log growth contribution I
B

in,t≃1.

I.2 An Investment Rule as Directed Technical Change

Our characterization of the investment rule proceeds in three steps: (i) taking a general stance on

the form of the investment rule, (ii) taking a log first order approximation of this investment rule,

and then (iii) combining these steps with an assumption surrounding the forecasts of future prices.

Finally, we outline the additional restrictions su!cient to generate a (log) relative price functional

form, and how this connects with the literature on directed technical change.

A general investment policy Whatever dynamic problem the firm solves, its solution is a

policy function mapping the date-(t↑ 1) state into the investment rate. Because clean technology

takes a period to install, investment undertaken at t↑ 1 is repaid by a stream of cost savings from

date t onward. Naturally, the firm’s forecasts of future prices will a”ect the optimal amount of

investment. Writing p → logP and letting Et≃1 denote the expectation conditional on date-(t↑ 1)

A.85



information,

5
B

in,t≃1 = Gn


p
E

t≃1, p
X

in,t≃1,

Et≃1 p

E

t≃1+j


j↔1

,

Et≃1 p

X

in,t≃1+j


j↔1

)
+ .in,t≃1, (112)

where .in,t≃1 is the remaining error term given the arguments, and we have assumed that the

arguments of Gn(·) involve the conditional expectation of log prices.

While equation (112) remains quite general, it does omit several factors that the literature on

directed technical change has outlined, including the firm’s existing capital stock, its own scale, and

any aggregate states. To the extent that some of these are time-invariant, they can be interpreted

as being absorbed by the firm-level fixed e”ects introduced in the empirical specification.

A first-order approximation Taking a first order approximation of Gn around a sector-level

steady state (p̄En , p̄
X
n ) gives:

5
B

in,t≃1 = 5̄n + a0,n
(
p
E

t≃1 ↑ p̄
E

n

)
+ b0,n

(
p
X

in,t≃1 ↑ p̄
X

n

)
+ .in,t≃1

+
∑

j↔1


aj,n

(
Et≃1p

E

t≃1+j ↑ p̄
E

n

)
+ bj,n

(
Et≃1p

X

in,t≃1+j ↑ p̄
X

n

)
,

(113)

where aj,n and bj,n are the partial e”ects of the date-(t↑1+j) price forecasts on current investment.

Linear price forecasts We assume the two date-(t↑ 1) prices span the firm’s forecast at every

horizon:

Et≃1 p
E

t≃1+j = µ
E

j,n + ↼
EE

j,n p
E

t≃1 + ↼
EX

j,n p
X

in,t≃1,

Et≃1 p
X

in,t≃1+j = µ
X

j,n + ↼
XE

j,n p
E

t≃1 + ↼
XX

j,n p
X

in,t≃1. (114)

If this assumed form holds, every horizon-j forecast is a linear function of pE
t≃1 and p

X

in,t≃1. Any

weighted sum of forecasts therefore collapses into a constant plus loadings on those two prices,

which is why no separate expectation term survives in the estimated rule.

Substituting equation (114) into equation (113) and collecting terms yields a rule in date-(t↑1)

prices alone:

5
B

in,t≃1 = ⇁0,in + ⇁
E

n p
E

t≃1 + ⇁
X

n p
X

in,t≃1 + .in,t≃1, (115)

with:

⇁
E

n = a0,n +
∑

j↔1

(
aj,n↼

EE

j,n + bj,n↼
XE

j,n

)
, ⇁

X

n = b0,n +
∑

j↔1

(
aj,n↼

EX

j,n + bj,n↼
XX

j,n

)
, (116)

and ⇁0,in collecting the steady-state investment rate, the forecast intercepts, and firm-specific scale.

Equation (115) is the main text rule (16), with ς
E
n = 9n⇁

E
n and ς

X
n = 9n⇁

X
n for the linearization

constant 9n of equation (111).

Equation (116) suggests limits on how the resulting estimates should be interpreted. First,
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the coe!cients of interest in the local projection are best interpreted as reduced form coe!cients

themselves. Even in the derivation presented here, the estimates from the local projections represent

a combination of the e”ects of both an investment policy rule and the process that generates the

evolution of prices (and their forecasts). Therefore, our counterfactuals should be interpreted as

requiring that both of these dynamic aspects of the environment be held constant.

The relative-price restriction While not strictly necessary for the local projections, two further

conditions reduce equation (115) to a rule in the relative price alone. The first is that Gn is

homogeneous of degree zero in prices, so that scaling all current and expected future prices by a

common factor leaves the investment rate unchanged:

a0,n + b0,n +
∑

j↔1

(
aj,n + bj,n

)
= 0.

The second is that forecasts inherit the same scaling, ↼EE

j,n
+ ↼

EX

j,n
= 1 and ↼

XE

j,n
+ ↼

XX

j,n
= 1 at every

horizon. Applying both to (116) gives ⇁
E
n + ⇁

X
n = 0. Writing ⇁

EX
n → ⇁

E
n = ↑⇁

X
n , the investment

rule becomes:

5
B

in,t≃1 = ⇁0,in + ⇁
EX

n log


P

E

t≃1

P
X

in,t≃1


+ .in,t≃1, ⇁

EX

n > 0, (117)

which is the form we carry through the rest of this appendix. It remains a local approximation

around the steady state, and presumes 5B
in,t≃1 > ↑1 so that the log law of motion is well defined.

The sign restriction and directed technical change The functional form of equation (117)

follows from the approximation above, while a prediction of its sign is connected to the theory of

directed technical change. In some of that literature, the return to factor-augmenting innovation is

proportional to the factor’s total expenditure rather than to its price alone. For instance, Acemoglu

(2002) decomposes the relative profitability of innovating for one factor rather than another into

a price e”ect and a market size e”ect, while Acemoglu et al. (2012) provide the clean-versus-dirty

analogue, where the ratio of expected profits from clean and dirty research is the product of a price

e”ect, a market size e”ect, and a direct productivity e”ect.

Our setting collapses the first two of these into a single regressor. By Shephard’s lemma the

marginal return to clean technology is the emissions cost share, ϱ logMCint/ϱ logBint = ↑sE,int,

so the directed technical change incentive is sE,int scaled by firm revenue. The two-input outer

nest gives ϱ log sE,int/ϱ log
(
P

E
t /P

X

int

)
= (1↑ ωn)(1↑ sE,int), so the emissions cost share rises with

the relative price of emissions if and only if ωn < 1. The price and market size e”ects are therefore

not separately identified here: they move together, and log(PE

t≃1/P
X

in,t≃1) is a first-order su!cient

statistic for both. This is the gross complements case that Acemoglu et al. (2012) describe, in which

the price and market size e”ects reinforce one another rather than o”set. Because we estimate ωn

close to zero in every sector, it is the relevant case for our application, and it delivers ⇁EX
n > 0 as a

prediction of the theory given our estimated ωn rather than as an assumption of convenience. The
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restriction this leaves in place is that firm revenue, which scales the market size e”ect, sits in ⇁0,in

and is treated as fixed within firm.

I.3 Combined Structural Law of Motion

Substituting equation (117) into equation (111) and defining ς
EX
n → 9n⇁

EX
n , the structural law of

motion for logBint is:

logBint = 0in + logBin,t≃1 + ς
EX

n log


P

E

t≃1

P
X

in,t≃1


+ uint, (118)

where 0in → cn+9n⇁0,in absorbs the linearization constant and firm-specific steady-state drift and

uint → 9n.in,t≃1. In first di”erences,

& logBint = 0in + ς
EX

n log


P

E

t≃1

P
X

in,t≃1


+ uint. (119)

The main text local projection in equation (17) is obtained by iterating equation (119) forward and

projecting on date-(t↑1) prices. The forecasting assumption in equation (114) makes the resulting

two-regressor form exact, together with two further conditions: (i) the forecasting coe!cients are

common across firms within a sector, and (ii) the date-(t↑1) residuals .in,t≃1 are orthogonal to the

two date-(t ↑ 1) prices. Under these conditions the coe!cients may either impose the ς
E
n = ↑ς

X
n

restriction of equation (117) or load independently as in equation (115).

I.4 Moving Average Representation and Identification of ωn

Iterating (118) backward from an initial date t0 yields:

logBint = logBin,t0 + (t↑ t0)0in + ς
EX

n

t≃t0∑

s=1

log


P

E
t≃s

P
X

in,t≃s


+ ũint, (120)

with ũint →


t

↼=t0+1 uin↼ . Because φB = 0, past relative prices enter with equal unit weights.

Substituting equation (120) into the static first-order condition in equation (5) delivers the

reduced-form specification for the emissions-to-composite ratio when Bint is endogenous. Crucially,

Bint in equation (120) depends only on information dated t↑ 1 or earlier, so the surprise satisfies

E[zt logBint] = 0. The endogenous directed technical change channel cannot contaminate the

within-period response because Bint is predetermined with respect to period-t prices, and no control

for the history of relative prices is needed for this to hold.

I.5 Local Projection Coe!cient and Carbon Price Surprise Orthogonality

Let zt≃1 denote the carbon price surprise realized in period t↑1; it is the instrument for logPE

t≃1 in

the empirical local projection (21), whose outcome is di”erenced from t↑1 to t+h. Two conditions
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ensure that the necessary orthogonality condition holds for the local projections. First, the surprise

is unforecastable, and is therefore orthogonal to all period-(t ↑ 2) and earlier firm and aggregate

information, so

E[zt≃1 ũin,t≃1] = 0. (121)

Second, the surprise moves investment only through relative prices, which excludes the possibility

that the investment residuals respond to the surprise at any horizon,

E[zt≃1 .in,s] = 0 for all s ≃ t↑ 1. (122)

Condition (121) is supported by the high-frequency construction of the surprise series. Condition

(122) is the exclusion restriction that is more sensitive to our modeling approach and the assump-

tions outlined in this section, and requires that regulatory news shift clean technology investment

only by moving the relative factor prices that enter the investment rule.

By equation (120), the outcome window contains the relative prices dated t↑1 through t+h↑1

and the innovations uin,t, . . . , uin,t+h:

logBin,t+h ↑ logBin,t≃1 = (h+ 1)0in + ς
EX

n

h∑

⇁=0

log


P

E

t≃1+⇁

P
X

in,t≃1+⇁


+

t+h∑

↼=t

uin↼ . (123)

When equation (123) is projected on zt≃1, condition (122) removes every innovation in the window

(each uin↼ = 9n.in,↼≃1 is dated t ↑ 1 or later), and the price terms load through their first-stage

responses. Let

↽⇁,n →
ϱ E


log


P

E

t≃1+⇁
/P

X

in,t≃1+⇁

)

ϱzt≃1
, , = 0, 1, . . . ,

denote the first-stage response of the log relative price at horizon , to the surprise, with controls

partialled out as in the estimating equation. These responses involve the firm-level price P
X

in,t≃1+⇁
;

writing them with a sector index presumes a common within-sector response, and with hetero-

geneous firm responses, ↽⇁,n is the corresponding IV-weighted sector average. The reduced-form

projection coe!cient is Rh,n → ς
EX
n


h

⇁=0 ↽⇁,n, in units of the surprise. The empirical specification

(21) instead reports an IV coe!cient on logPE

t≃1, which rescales the reduced form by the impact

first stage ↽
E

0 → ϱ E[logPE

t≃1]/ϱzt≃1. The model-implied local projection coe!cient is therefore:

(E

h,n
=

ς
EX
n

↽
E

0

h∑

⇁=0

↽⇁,n. (124)

The sum has h + 1 terms, matching the h + 1 investment periods I
B

in,t≃1, . . . , I
B

in,t+h≃1 inside the

outcome window. In particular the impact coe!cient is nonzero: at h = 0 the outcome is logBint↑
logBin,t≃1 = 0in+ς

EX
n log(PE

t≃1/P
X

in,t≃1)+uint, so(E

0,n = ς
EX
n ↽0,n/↽

E

0 , the direct e”ect of the date-

(t↑ 1) relative price on date-(t↑ 1) investment. Section 4.3 describes the IV local projections that

estimate these coe!cients through the observable-ratio counterpart derived in the next subsection;

A.89



in the just-identified case the IV coe!cient equals this reduced-form-to-first-stage ratio.

I.6 Mapping Clean-Technology Dynamics to Observables

Because Bint is not directly observed, the local projections in Section 4.3 are estimated on the

observable composite-to-emissions ratio rather than on clean technology itself. This subsection

derives the mapping between the two.

The static first-order condition in equation (5) implies:

log

(
Xint

Eint

)
= 9in + ωn

(
logPE

t ↑ logPX

int

)
+ (1↑ ωn) logBint, (125)

where 9in → ↑ωn log (ϑin/(1↑ ϑin)), so the observable ratio combines a contemporaneous static-

substitution response to the emissions-composite price ratio with a (1 ↑ ωn)-weighted loading on

clean technology. Under the linear price-forecasting conditions that deliver the two-regressor form

of equation (17), taking conditional long di”erences between t↑ 1 and t+ h and substituting that

projection yields the observable-ratio local projection:

Et≃1


log

Xin,t+h

Ein,t+h

↑ log
Xin,t≃1

Ein,t≃1


= a

(h)
in

+ ϖ
E

h,n
logPE

t≃1 + ϖ
X

h,n
logPX

in,t≃1, (126)

whose coe!cients combine the dynamic clean-technology response from equation (17) with the

static CES substitution channel from equation (125).

The window algebra of equations (123)–(124) makes the combination explicit for the coe!cient

on the emissions price in the just-identified IV specification (21). Projecting the long di”erence of

equation (125) on the surprise zt≃1—the window innovations dropping by condition (122) as in the

previous subsection—gives the reduced-form response ωn(↽h+1,n ↑ ↽0,n) + (1↑ ωn)ςEX
n


h

⇁=0 ↽⇁,n,

where the terminal static term carries index h + 1 because the outcome window ends at t + h =

t↑ 1 + (h+ 1). Rescaling by the impact first stage ↽
E

0 and using equation (124) yields:

ϖ
E

h,n
= (1↑ ωn)(

E

h,n
+ ωn

↽h+1,n ↑ ↽0,n

↽
E

0

,

which decomposes the IV coe!cient into a (1 ↑ ωn)-weighted clean technology impulse response

and the static substitution induced by the movement in the relative factor price over the outcome

window. As ωn ⇔ 0, the static channel shuts down and ϖ
E

h,n
⇔ (E

h,n
. Since our sector-level

estimates of ωn are all close to zero, the two objects are close in practice.

In principle, permit price shocks can also move PX

in,t≃1 through input-output linkages, so ϖ
X

h,n
is

best interpreted as a reduced-form control coe!cient rather than a stand-alone structural elasticity.

Finally, in our implementation of the local projection we measure the composite input quantity in

equation (126) as non-emissions spending deflated by the composite price index, Xint = (CK

int
+

C
L

int
+ C

M

int
)/PX

int
, as in Section 4.1.2.
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J External Benchmark: Translating the Colmer et al. (2024) Treat-

ment E”ect

Section 5.3 benchmarks our clean technology elasticity against Colmer et al. (2024). Colmer et al.

(2024) estimate that EU-ETS Phase II treatment reduced French firms’ logged emissions intensity,

measured as log(CO2/value added), by ς
CMMW = ↑0.174 (standard error 0.075; their Table 2,

column 5). In their empirical design, control firms are not subject to EU-ETS and face a carbon

price implicit in pre-existing energy taxation, P0. Treated firms originally faced just P0, but then

moved to P0+P̄
E under the ETS. The average ETS price over their 2008–2012 treatment window is

P̄
E = 18.08 USD/tCO2. Dividing the treatment e”ect by the implied log price change gives a price

elasticity of emissions intensity: (E = ↑ς
CMMW

/ log
(
(P0 + P̄

E)/P0
)
. This is essentially the same

object as our clean technology local projection estimate, but constructed from their estimates. To

compare the di”erent approaches, we need an estimate from our data with the same sector coverage

as their sample, and a value for the baseline price P0.

J.1 Sector Coverage

Their estimation sample comes from the EACEI energy survey. The survey covers all of French

manufacturing except energy production, agri-food, and sawmills. Refining is included under energy

activities in the survey, and mining is outside manufacturing altogether. To get the best compar-

ison, we restrict our estimating sample to sectors included in the Colmer et al. (2024) sample.

These sectors are basic metals, cement/lime/glass/ceramics, chemicals, fabricated metal products,

pulp/paper/board, and rubber and plastic products. Our light manufacturing sector pools the ex-

cluded agri-food and sawmill activities with other light manufacturing activities that are included,

so we report estimates with and without it. The regressions are identical to our pooled estimates

in Appendix A, except for the change of sample. Our estimates are ϖ̂
E

4 = 0.119 (SE 0.067; N =

8,171) without light manufacturing and 0.153 (SE 0.064; N = 10,912) with light manufacturing.58

J.2 Determining Baseline Prices P0

The baseline price P0 is the e”ective carbon price on industrial energy outside EU-ETS. We place

it roughly between 2 and 6.5 EUR/tCO2 over 2008–2012. Statutory excises on natural gas, coal,

and heavy fuel oil corresponded to about 3.5–6.5 EUR/tCO2 (Marten, 2023). OECD data put the

emissions-weighted non-ETS tax on French industrial energy at 4.55 EUR/tCO2 in 2012 (OECD,

2013, 2016). Colmer et al. (2024) themselves, citing Callonnec (2009), report a nominal rate of

about 6 EUR/tCO2 on fuel oil and natural gas, with industrial coal and a broad range of industrial

gas uses fully exempt.

58The sectors excluded from their sample, such as power, refining, mining, and other non-manufacturing, give 0.343
(SE 0.094).
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Table A17: Benchmarking Against the Colmer et al. (2024) Treatment E”ect

Panel A: implied elasticity at documented baseline prices
Baseline anchor P0 (EUR) P0 (USD) Implied (E [95% CI]

Central range, low 2.00 2.75 0.086 [0.013, 0.158]
Central range 3.00 4.12 0.103 [0.016, 0.191]
OECD sector average 4.55 6.25 0.128 [0.020, 0.236]
Statutory gas excise 6.50 8.93 0.157 [0.024, 0.290]

Panel B: LP-IV samples and reconciling baseline price
LP-IV sample ϖ̂

E

4 (SE) P
⇐
0 (EUR) P

⇐
0 (USD)

Colmer-overlap manufacturing 0.119 (0.067) 3.99 5.49
+ Light Manufacturing 0.153 (0.064) 6.21 8.53

All sectors 0.211 (0.043) 10.29 14.14

Notes: This table benchmarks our clean technology elasticity against Colmer et al. (2024). Panel A translates
their Phase II treatment e!ect on logged emissions intensity (→0.174, SE 0.075) into a price elasticity &E =
→⇁CMMW/ log((P0 + P̄E)/P0) at documented values of the baseline non-ETS carbon price P0, using the mean
Phase II permit price P̄E of $18.08. The central range reflects statutory excises net of exemptions (Callonnec,
2009; Marten, 2023). The OECD sector average is the emissions-weighted non-ETS rate on French industrial
energy in 2012 (OECD, 2016). The statutory gas excise is the excise on natural gas (OECD, 2013). Euro values
convert at the 2008–2012 mean exchange rate of 1.37 USD/EUR. Panel B reports our pooled five-year local
projection estimate for each sector scope and the reconciling baseline price P ↓

0 at which the implied elasticity in
Panel A equals our point estimate. The Colmer-overlap scope covers basic metals, cement/lime/glass/ceramics,
chemicals, fabricated metal products, pulp/paper/board, and rubber and plastic products. Standard errors in
Panel B are Driscoll-Kraay.

J.2.1 Estimated Colmer Elasticities

Table A17 Panel A reports the elasticities implied by the Colmer et al. (2024) estimate across the

above range of prices. We convert euros at the 2008–2012 mean exchange rate of 1.37 USD/EUR

to be in the same monetary units as our paper. The implied (E rises from 0.086 at 2 EUR to

0.157 at the statutory gas rate. In Panel B, we instead invert the mapping to determine the

baseline price at which the Colmer-implied elasticity equals our point estimate exactly. That price

is 3.99 EUR ($5.49) without light manufacturing and 6.21 EUR ($8.53) with it. Both are inside the

documented range of prices.59 Their confidence interval contains our point estimate at any baseline

above 0.96 EUR without light manufacturing, and above 1.84 EUR with it. The agreement does

not depend on where in the documented range the true baseline falls.

K Long Run Elasticity of Substitution with Endogenous Clean

Technology

This appendix derives the long-run elasticity of substitution between emissions and the productive

composite when clean technology responds to the permit price. The short-run elasticity ωn holds

clean technology Bint fixed. The long-run elasticity allows Bint to change with the permit price.

59The all-sector pooled estimate requires 10.29 EUR ($14.14), above the entire range.
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The long-run elasticity therefore combines within-period input substitution with induced clean

technology adoption.

Consider a permanent shock to the permit price at date t↑1: banking ties current and expected

future permit prices together, so the shock moves the whole price path and d logPE

t+h
/d logPE

t≃1 = 1

at every horizon. We take the five-year horizon of our local projection estimates as the long run,

evaluate all responses there, and suppress time subscripts on long-run outcomes. Every di”erential

below is taken with respect to the date-(t↑ 1) shock. Define the long-run permit price elasticity of

clean technology as:

↽
B

n → d logBin

d logPE

t≃1

,

the total response of clean technology five years after the shock, which we treat as common to

firms within a sector. This is the object the five-year local projection coe!cient (E

h,n
estimates

(Appendix I). When ↽
B
n > 0, higher permit prices induce firms to adopt cleaner technology. Because

the elasticity of substitution is defined with respect to the relative emissions price, we also need the

pass-through of the permit price into the firm’s productive composite price. We use the within-

period pass-through 5
X

int
of Appendix H.1, treating it as constant across horizons:

5
X

int →
d logPX

in

d logPE

t≃1

,

so the implied response of the log relative emissions price is:

d log
(
P

E
/P

X

in

)

d logPE

t≃1

= 1↑ 5
X

int.

The long-run micro elasticity is the total response of the emissions-to-composite ratio to the

relative emissions price, allowing clean technology to adjust:

ω
LR

in → ↑d log(Ein/Xin)

d log
(
PE/P

X

in

) . (127)

The short-run first-order condition in equation (5), evaluated in the long run, implies:

log

(
Ein

Xin

)
= ωn log

(
ϑin

1↑ ϑin

)
↑ ωn log

(
P

E

P
X

in

)
+ (ωn ↑ 1) logBin. (128)

Di”erentiating equation (128) with respect to the date-(t↑ 1) shock, and allowing Bin and P
X

in
to

respond, gives:

↑d log(Ein/Xin)

d logPE

t≃1

= ωn(1↑ 5
X

int)↑ (ωn ↑ 1)↽B

n . (129)
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Combining equations (127)–(129) gives:

ω
LR

in = ↑d log(Ein/Xin)

d log
(
PE/P

X

in

)

= ↑

d log(Ein/Xin)

d logPE

t≃1

d log
(
P

E
/P

X

in

)

d logPE

t≃1

= ↑↑ωn(1↑ 5
X

int
) + (ωn ↑ 1)↽B

n

1↑ 5
X

int

= ωn ↑ (ωn ↑ 1)
↽
B
n

1↑ 5
X

int

= ωn + (1↑ ωn)
↽
B
n

1↑ 5
X

int

, (130)

provided 5
X

int
< 1. The long-run elasticity equals the short-run within-firm elasticity plus the

clean technology response, weighted by 1 ↑ ωn and divided by the relative price pass-through

1↑5
X

int
, the movement in the relative emissions price. Equation (130) makes clear when endogenous

clean technology raises the elasticity. If emissions and the productive composite are complements,

ωn < 1, then a positive clean technology response raises ω
LR

in
above the short-run elasticity. In

the empirically relevant case where ωn ∝ 0, the long-run elasticity is approximately ↽
B
n /(1↑ 5

X

int
).

In our simulations 5
X

int
is near zero for the median and average firm-year, so the local projection

estimates approximately identify the long-run elasticity.
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